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A tale of many scales

✦ Collider processes characterized by many 
scales:  s, sij, Mi, ΛQCD, ...

✦ Large Sudakov logarithms arise, which 
need to be resummed (e.g. parton showers, 
mass effects, aspects of underlying event)

✦ Effective field theories provide modern, 
elegant approach to this problem based on 
scale separation (factorization theorems) 
and RG evolution (resummation)



Soft-collinear factorization

Jet functions Ji = Ji (Mi2)
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Hard function H depends on 
large momentum transfers sij 
between jets

S
Soft function S depends 

on scales 

Sen 1983; Kidonakis, Oderda, Sterman 1998
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Soft-collinear factorization

✦ Factorize cross section:

✦ Define components in 
terms of field theory 
objects in SCET

✦ Resum large Sudakov 
logarithms directly in 
momentum space using 
RG equations 

H

J J

J J
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dσ ∼ H({sij}, µ)
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Ji(M2
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Soft-collinear effective theory (SCET)

✦ Two-step matching procedure: 

✦ Integrate out hard modes,                              
describe collinear and soft                          
modes by fields in SCET

✦ Integrate out collinear modes                           
(if perturbative) and match                          
onto a theory of Wilson lines

SCET SETSM

integrate out 
hard fields

integrate out 
collinear fields

hard

collinear

soft

sij

M2
i

Λ2
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M4
i

sij

Bauer, Pirjol, Stewart et al. 2001, 2002; Beneke et al. 2002; ...



anomalous-dimension matrix of n-jet SCET operators

SCET for n-jet processes
✦ n different types of collinear quark and gluon 

fields (jet functions Ji), interacting only via 
soft gluons (soft function S)
✦ → operator definitions for Ji   and S

✦ Hard contributions (Q ~ √s) are integrated out 
and absorbed into Wilson coefficients:

✦ Scale dependence controlled by RGE:

Hn =
�

i

Cn,i(µ) O
ren
n,i (µ)

d

d lnµ
|Cn({p}, µ)� = Γ(µ, {p}) |Cn({p}, µ)�

Bauer, Schwartz 2006



Goal: NLO+NNLL resummation
✦ Necessary ingredients:

✦ Hard functions: from fixed-order results for 
on-shell amplitudes (but need amplitudes!) 

✦ Jet functions: from imaginary parts of two-
point functions; needed at one-loop order 
(depend on cuts, jet definitions) 

✦ Soft functions: from matrix elements of 
Wilson-line operators

✦ then resum logarithms using RG equations
✦ Yields jet cross sections (not parton rates)
✦ Goes beyond parton showers, which are accurate 

only at LL order even after matching



Evolution of hard functions

✦ Technically most challenging aspect besides 
the computation of the hard functions is their 
evolution, governed by anomalous-dimension 
matrix of n-jet operators:

✦ We have obtained completely general, multi-
loop expressions for the anomalous-dimension 
matrices for generic n-jet processes with both 
massless and massive partons
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calculated in [11], where its color structure was found to
be proportional to that obtained at one-loop order.

In this Letter we propose an all-order generalization of
Catani’s result (2) valid for an arbitrary on-shell n-parton
scattering amplitude. We find that in a minimal subtrac-
tion scheme the color structure of the IR pole terms is
simpler than anticipated based on Catani’s work [1]. In
fact, to all-loop order the 1/ε pole term contains only
the structures 1 and Ti · Tj . Our analysis is based on
effective field theory and shares many similarities with
that of [7]. However, in our case the hard, jet, and soft
functions are defined in terms of matrix elements of dif-
ferent types of fields in the effective theory and are in
one-to-one correspondence with different physical scales.
The corresponding definitions in [7] are less intuitive.

Our key observation is that the IR singularities of on-
shell amplitudes in massless QCD are in one-to-one corre-
spondence to the UV poles of operator matrix elements in
soft-collinear effective theory (SCET) [12, 13]. They can
be subtracted by means of a multiplicative renormaliza-
tion factor Z (a matrix in color space), whose structure
is constrained by the renormalization group (RG). SCET
is the appropriate effective theory to analyze scattering
processes at large momentum transfer, which involve jets
(or individual hadrons) with small invariant masses. It
separates hard contributions associated with the large
momentum transfer from low-energy contributions as-
sociated with the small invariant masses of the initial-
and final-state particles. For a general n-jet observable,
the effective theory involves a set of collinear fields for
each direction of large energy flow, which describe the
QCD dynamics inside the individual jets. It also con-
tains soft quark and gluon fields, which mediate low-
energy interactions among the jets. Hard interactions
are integrated out and absorbed into the Wilson coeffi-
cients of operators built from soft and collinear fields. A
generic n-jet process is mediated by an effective Hamilto-
nian Hn =

∑

i Cn,i(µ)Oren
n,i (µ), where the sum runs over

a basis of SCET operators built from n distinct types of
collinear fields. The bare matrix elements of these oper-
ators are UV divergent and are renormalized in the MS
scheme. Their divergences are absorbed into a renormal-
ization factor via Oren

n,i (µ) =
∑

j Zij(µ, ε)Obare
n,j (ε). For

physical quantities, the scale dependence of the Wilson
coefficients Cn,i(µ) cancels against that of the matrix el-
ements of the renormalized operators.

In a physical process with initial- and final-state
hadrons, the soft and collinear scales are set by nonper-
turbative dynamics or experimental cuts. Let us now
consider (slightly) off-shell n-parton amputated Green’s
functions Gn({p}). In this case the jet-scale Λ2

J is set
by the off-shellness p2

i of the fields, and the soft scale is
Λs ∼ Λ2

J/Q, where Q is a typical hard momentum trans-
fer. The Green’s functions are obtained by taking matrix
elements of the above effective Hamiltonian, which can
be written as

Gn({p}) = lim
ε→0

∑

i,j

Cn,i(µ)Zij(µ, ε) 〈Obare
n,j (ε)〉 , (3)

where we suppress the dependence of the quantities on
the right-hand side on the parton momenta. To ob-
tain on-shell n-parton scattering amplitudes from these
Green’s functions one takes the limit p2

i → 0. This intro-
duces IR divergences, which can be regulated by evalu-
ating the effective-theory matrix elements in d = 4 − 2ε
dimensions. Doing so renders the matrix elements of the
operators Obare

j trivial: in the limit p2
i → 0 both the soft

and the jet scales tend to zero, and all loop diagrams
in the effective theory become scaleless and vanish. The
bare matrix elements are thus reduced to trivial Dirac
and color structures. Since the IR divergences are inde-
pendent of the spin structure, we will not make the Dirac
structures explicit but simply absorb them into the Wil-
son coefficients. The on-shell Green’s functions are then
directly proportional to the Wilson coefficients of n-jet
SCET operators in the MS scheme. In the color-space
basis notation of (2), the effective Hamiltonian reads
Hn = 〈Oren

n |Cn〉, and we have

|Cn({p}, µ)〉 = lim
ε→0

Z
−1(ε, {p}, µ) |Gn(ε, {p})〉 . (4)

This notation is convenient but unconventional, in that
our Wilson coefficients and operators are not separately
color singlets and Lorentz scalars. The scattering ampli-
tudes |Mn(ε, {p})〉 are obtained by contracting the am-
putated on-shell Green’s functions with the spinors and
polarization vectors associated with the external parti-
cles. Their singularities are thus governed by the same
Z matrix.

The logarithm of the renormalization factor Z in (4)
is related via Γ = −d lnZ/d lnµ to the anomalous-
dimension matrix Γ governing the RG evolution of the
n-jet SCET operators Oren

n . The same quantity controls
the evolution of the Wilson coefficients, and hence of the
minimally subtracted on-shell scattering amplitudes, via
the evolution equation

d

d lnµ
|Cn({p}, µ)〉 = Γ |Cn({p}, µ)〉 . (5)

We will now present a conjecture for the exact form of
the anomalous-dimension matrix. In general, Γ = Γc+s

is determined by the anomalous-dimension contributions
of collinear and soft modes in the SCET matrix ele-
ments. An important feature of SCET is that the in-
teractions of collinear fields with soft gluons can be re-
moved by field redefinitions and absorbed into soft Wil-
son lines [12]. Interactions with soft quarks are power
suppressed and can be ignored. Moreover, the different
collinear sectors in SCET do not interact with each other.
This allow us to decompose Γ = Γs +

∑

i γi
c, where the

one-particle collinear contributions are diagonal in color
space. Hence, contributions to the anomalous dimension
involving correlations between several partons only reside
in the soft contribution Γs. After the decoupling trans-
formation the soft matrix element is a vacuum expecta-
tion value 〈0|S1 . . .Sn|0〉 of n light-like Wilson lines, one



Connection with an old problem

✦ Same anomalous-dimension matrix governs  
IR poles of dimensionally regularized, on-shell 
parton scattering amplitudes:

L loops
...

arbitrary number n of massless and massive external legs

Becher, MN: 0901.0722



Connection with an old problem

“... In [Yang-Mills theory] a soft photon emitted from an external line 
can itself emit a pair of soft charged massless particles, which 
themselves emit soft photons, and so on, building up a cascade of soft 
massless particles each of which contributes an infra-red divergence. 
The elimination of such complicated interlocking infra-red 
divergences would certainly be a Herculean task, and might not 
even be possible.”

Difficulty of the problem already 
noted in pioneering work by 
Weinberg:  Phys. Rev. 140B, 516 (1965)



Connection with an old problem

✦ Same anomalous-dimension matrix governs  
IR poles of dimensionally regularized, on-shell 
parton scattering amplitudes:

✦ Generalizes two-loop subtraction formula of 
Catani (1998) to all orders in perturbation 
theory

2 IR factorization and RG invariance

The key observation of our letter [3] was that the IR singularities of on-shell amplitudes in
massless QCD are in one-to-one correspondence to the UV poles of operator matrix elements
in SCET. These poles can therefore be subtracted by means of a multiplicative renormaliza-
tion factor Z, which is a matrix in color space. Specifically, we have shown that the finite
remainders of the scattering amplitudes can be obtained from the IR divergent, dimensionally
regularized amplitudes via the relation

|Mn({p}, µ)〉 = lim
ε→0

Z
−1(ε, {p}, µ) |Mn(ε, {p})〉 . (1)

Here {p} ≡ {p1, . . . , pn} represents the set of the momentum vectors of the n partons, and
µ denotes the factorization scale. The quantity |Mn(ε, {p})〉 on the right-hand side is a
UV-renormalized, on-shell n-parton scattering amplitude with IR singularities regularized in
d = 4 − 2ε dimensions. After coupling constant renormalization, these amplitudes are UV
finite. Apart from trivial spinor factors and polarization vectors for the external particles, the
minimally subtracted scattering amplitudes |Mn({p}, µ)〉 on the left-hand side of (1) coincide
with Wilson coefficients of n-jet operators in SCET [3], to be defined later:

|Mn({p}, µ)〉 = |Cn({p}, µ)〉 × [on-shell spinors and polarization vectors] . (2)

We postpone a more detailed discussion of the effective theory to Section 3 and proceed to
study the implications of this observation.

To analyze the general case of an arbitrary n-parton amplitude, it is convenient to use the
color-space formalism of [21, 22], in which amplitudes are treated as n-dimensional vectors
in color space. Ti is the color generator associated with the i-th parton in the scattering
amplitude, which acts as an SU(Nc) matrix on the color indices of that parton. Specifically,
one assigns (T a

i )αβ = taαβ for a final-state quark or initial-state anti-quark, (T a
i )αβ = −taβα for

a final-state anti-quark or initial-state quark, and (T a
i )bc = −ifabc for a gluon. We also use

the notation Ti · Tj ≡ T a
i T a

j summed over a. Generators associated with different particles
trivially commute, Ti · Tj = Tj · Ti for i %= j, while T 2

i = Ci is given in terms of the quadratic
Casimir operator of the corresponding color representation, i.e., Cq = Cq̄ = CF for quarks or
anti-quarks and Cg = CA for gluons. Because they conserve color, the scattering amplitudes
fulfill the relation ∑

i

T
a
i |Mn(ε, {p})〉 = 0 . (3)

It follows from (1) that the minimally subtracted scattering amplitudes satisfy the RG
equation

d

d lnµ
|Mn({p}, µ)〉 = Γ({p}, µ) |Mn({p}, µ)〉 , (4)

where the anomalous dimension is related to the Z-factor by

Γ({p}, µ) = −Z
−1(ε, {p}, µ)

d

d ln µ
Z(ε, {p}, µ) . (5)
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The formal solution to this equation can be written in the form

Z(ε, {p}, µ) = P exp

[∫ ∞

µ

dµ′

µ′ Γ({p}, µ′)

]
, (6)

where the path-ordering symbol P means that matrices are ordered from left to right according
to decreasing values of µ′. The upper integration value follows from asymptotic freedom and
the fact that Z = 1 + O(αs).

In the Section 4, we will discuss theoretical arguments supporting an all-order conjecture
for the anomalous-dimension matrix presented in [3], which states that it has the simple form

Γ({p}, µ) =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij

+
∑

i

γi(αs) , (7)

where sij ≡ 2σij pi · pj + i0, and the sign factor σij = +1 if the momenta pi and pj are both
incoming or outgoing, and σij = −1 otherwise. Here and below the sums run over the n
external partons. The notation (i1, ..., ik) refers to unordered tuples of distinct parton indices.
Our result features only pairwise correlations among the color charges and momenta of different
partons. These are the familiar color-dipole correlations arising already at one-loop order from
a single soft gluon exchange. The fact that higher-order quantum effects do not induce more
complicated structures and multi-particle correlations indicates a semi-classical origin of IR
singularities. Besides wave-function-renormalization-type subtractions accomplished by the
single-particle terms γi, the only quantum aspect appearing in (7) is a universal anomalous-
dimension function γcusp related to the cusp anomalous dimension of Wilson loops with light-
like segments [23–25]. The three anomalous-dimension functions entering our result are defined
by relation (7). They can be extracted from the known IR divergences of the on-shell quark
and gluon form factors, which have been calculated to three-loop order [26–28]. The explicit
three-loop expressions are given in Appendix A.

Concerning the form of (7), we note that a conjecture that an analogous expression for
the soft anomalous-dimension matrix (see Section 4.4 below) might hold to all orders was
mentioned in passing in the introduction of [12], without presenting any supporting arguments.
In a very recent paper, Gardi and Magnea have analyzed the soft anomalous-dimension matrix
in more detail and found that (7) is the simplest solution to a set of constraints they have
derived [29]. However, they concluded that the most general solution could be considerably
more complicated. Indeed, we emphasize that as a consequence of our result some amazing
cancellations must occur in multi-loop calculations of scattering amplitudes. At L-loop order
Feynman diagrams can involve up to 2L parton legs, while the most non-trivial graphs without
subdivergences can still connect (L+1) partons. We predict that these complicated diagrams
can be decomposed into two-particle terms, whose color and momentum structure resembles
that of one-loop diagrams. At two-loop order, these cancellations were found by explicit
calculation in [30, 31]. More recently, the analysis was extended to the subclass of three-
loop graphs containing fermion loops [32]. In Section 6.2 we will present a simple symmetry
argument explaining these results.

To derive the perturbative expansion of the Z-factor from the formal solution (6) we use

6

finite amplitude!

[see also: Sterman, Tejeda-Yeomans 2003; Aybat, Dixon, Sterman 2006]

Becher, MN: 0901.0722



Constraints on Γ for amplitudes 
containing only massless partons

Becher, MN: 0903.1126



1. Factorization constraint on Γ
✦ Operator matrix elements must evolve in the 

same way as hard matching coefficients, such 
that physical observables are scale independent

✦ SCET decoupling transformation then implies 

(with                     ):

where
✦ Γ and Γs must have same color structure

Mi dependence must cancel!

trivial color structure

Γ(sij) = Γs(Λ2
ij) +

�

i

Γi
c(M

2
i )1

Γi
c(M

2
i ) = −Γi

cusp(αs) ln
µ2

M2
i

+ γi
c(αs)

Λ2
ij =

M2
i M2

j

−sij



1. Factorization constraint on Γ
✦ Independence of collinear regulators Mi requires 

that soft anomalous-dimension matrix is either a 
linear function of “cusp angles” 

or an arbitrary function of “conformal ratios” 

which are independent of collinear scales
[see also: Gardi, Magnea: 0901.1091]

βij ≡ ln
µ2

Λ2
ij

= ln
µ2 (−sij)
M2

i M2
j

variables sij and Li. The dependence on the collinear scales must cancel when we combine
the soft and collinear contributions to the total anomalous-dimension matrix. We thus obtain
the relation

∂Γs({s}, {L}, µ)

∂Li

= Γi
cusp(αs) , (48)

where the expression on the right-hand side is a unit matrix in color space. This relation
provides an important constraint on the momentum and color structures that can appear in the
soft anomalous-dimension matrix. A corresponding relation has been derived independently
in [29].

Because the kinematical invariants sij can be assumed to be linearly independent, relation
(48) implies that Γs depends only linearly on the cusp angles βij , see (45). The only exception
would be a more complicated dependence on combinations of cusp angles, in which the collinear
logarithms cancel. The simplest such combination is

βijkl = βij + βkl − βik − βjl = ln
(−sij)(−skl)

(−sik)(−sjl)
, (49)

which coincides with the logarithm of the conformal cross ratio ρijkl defined in [29]. This
quantity obeys the symmetry properties

βijkl = βjilk = −βikjl = −βljki = βklij . (50)

It is easy to show that any combination of cusp angles that is independent of collinear loga-
rithms can be expressed via such cross ratios.

Our strategy in Section 6 will be to analyze the structure of the soft anomalous-dimension
matrix first, since it is constrained by the non-abelian exponentiation theorem and the con-
straint (48). The universality of soft gluon interactions implies that the soft contributions only
probe the momentum directions and color charges of the external partons, but not their po-
larization states. Dependence on the parton identities thus only enters via the cusp variables
βij and non-trivial color-conserving structures built out of Ti generators. If our conjecture (7)
is correct, then (47) implies that the soft anomalous-dimension matrix should be given by

Γs({β}, µ) = −
∑

(i,j)

Ti · Tj

2
γcusp(αs) βij +

∑

i

γi
s(αs) , (51)

where
γi(αs) = γi

c(αs) + γi
s(αs) . (52)

Using relation (11) we may indeed confirm that

∂Γs

∂Li

= −
∑

j !=i

Ti · Tj γcusp(αs) = Ci γcusp(αs) ≡ Γi
cusp(αs) , (53)

in accordance with the constraint (48). Note that this result implies Casimir-scaling for the
cusp anomalous dimension, since Γg

cusp(αs)/Γq
cusp(αs) = CA/CF . We will come back to the

significance of this observation in Section 6.4.

21



2. Non-abelian exponentiation

✦ SCET decoupling transformation removes soft 
interactions among collinear fields and absorbs 
them into soft Wilson lines 

✦ For n-jet operator one gets:

✦ Exponent     is simpler than soft operator itself

Si = P exp
�
ig

� 0

−∞
dt ni · Aa(tni)T a

i

�

S({n}, µ) = �0|S1(0) . . .Sn(0)|0� = exp(S̃({n}, µ))

ni ~ pi light-like reference vector

...

n1
n2

n3

n4

n5

nn

Figure 1: Graphical representation of the soft operator S({n}, µ) corresponding to an n-parton
scattering amplitude. The n light-like Wilson lines start at the origin and run to infinity. The
dots represent open color indices.

constrained by the simplicity of soft gluon interactions, which only probe the direction of the
Wilson lines and their color charge. When the color indices are contracted in color-singlet
combinations, then S({n}, µ) turns into products of closed Wilson loops, which touch or
intersect each other at the origin. The renormalization properties of such Wilson loops have
been studied extensively in the literature, see e.g. [8, 9, 23, 52–55] and references therein.
We will use several results obtained in these studies and generalize them to the case of the
Wilson-line operator in (32). We will also indicate where known properties of Wilson loops
correspond to certain features of the effective theory and vice versa.

For on-shell amplitudes, the loop integrals in the effective theory have both IR and UV
divergences and vanish in dimensional regularization. This makes the correspondence be-
tween the Wilson coefficients in (30) and the amplitudes manifest. However, because of these
cancellations we cannot use on-shell amplitudes to obtain the anomalous dimensions of the
SCET operators. To separate out the UV divergences we need to consider IR-finite quantities.
The simplest possibility is to consider slightly off-shell n-parton amputated Green’s functions
Gn({p}). However, in this case we encounter a subtlety. While the off-shell Green’s function
in QCD and SCET are IR finite, this is no longer the case after the field redefinition (26).
Field redefinitions leave “physical” quantities such as on-shell matrix elements unchanged,
but they can change the off-shell behavior of fields. To calculate the anomalous dimensions
perturbatively from off-shell Green’s functions, one should use the original, non-decoupled
fields.2 For the case of the quark form factor, the corresponding one-loop calculation in the
effective theory was performed in [56]. Generalizing this result to n-point functions, we find

2Alternatively, one can perform the calculations using a different IR regulator, e.g. by considering finite-
length Wilson lines with n2

i != 0 [25].

13

S̃



✦ Virtual amplitudes in eikonal approximation 
are exponentials of simpler quantities, which 
only receive contributions from diagrams 
whose color weights are those of  “single 
connected webs” (maximally non-abelian)

✦ Up to three loops:

✦ Only these structures can contribute to the 
and hence to the soft anomalous dimension

2. Non-abelian exponentiation
Gatheral 1983; Frenkel, Taylor 1984

(a) (b)

(c)

Figure 7: One-loop (a), two-loop (b), and three-loop (c) connected webs contributing to the
soft anomalous-dimension matrix. The dots represent color generators, which appear when
the gluons are attached to Wilson lines. In each set, only the first web gives rise to a new
color structure.

6 Diagrammatic analysis

We now present a detailed diagrammatic study of the general structure of the soft anomalous-
dimension matrix up to three-loop order, implementing the constraints that follow from the
non-abelian exponentiation theorem and RG invariance of the effective theory. At two-loop
order we will recover the form found in [30, 31] from a simple symmetry argument. In these
papers only the cusp piece of the soft anomalous-dimension matrix was studied, which is
legitimate given that the non-logarithmic terms can be shown to be diagonal in color space.
We find that this property is no longer trivial beyond two-loop order.

The non-abelian exponentiation theorem restricts the color structures that can potentially
appear in the soft anomalous-dimension matrix. They are obtained by considering singly
connected webs, whose ends can be attached in arbitrary ways to the n Wilson lines in the
soft operator in (32). In general, singly connected webs at L-loop order carry between 2 and
(L + 1) color generators T . In Figure 7 we show the webs appearing up to three-loop order.
The dashed blobs represent self-energy or vertex functions, which have color structure δab and
−ifabc. The color structures of the three- and four-gluon vertices can be expressed in terms
of fabc symbols.

In our analysis in this section we only use basic properties of the Lie algebra of the gauge
group, which can be summarized as

[T a, T b] = ifabc
T

c , fabcfabd = CA δcd ,

tradj.

(
T

a
T

b
T

c
)

= ifadef begf cgd =
iCA

2
fabc .

(62)

The last relation follows from the Jacobi identity, i.e., the first relation in the adjoint repre-
sentation. While our explicit analysis refers to SU(N) non-abelian gauge theories, its validity
extends to other gauge groups as well.
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Figure 7: One-loop (a), two-loop (b), and three-loop (c) connected webs contributing to the
soft anomalous-dimension matrix. The dots represent color generators, which appear when
the gluons are attached to Wilson lines. In each set, only the first web gives rise to a new
color structure.

6 Diagrammatic analysis

We now present a detailed diagrammatic study of the general structure of the soft anomalous-
dimension matrix up to three-loop order, implementing the constraints that follow from the
non-abelian exponentiation theorem and RG invariance of the effective theory. At two-loop
order we will recover the form found in [30, 31] from a simple symmetry argument. In these
papers only the cusp piece of the soft anomalous-dimension matrix was studied, which is
legitimate given that the non-logarithmic terms can be shown to be diagonal in color space.
We find that this property is no longer trivial beyond two-loop order.

The non-abelian exponentiation theorem restricts the color structures that can potentially
appear in the soft anomalous-dimension matrix. They are obtained by considering single
connected webs, whose ends can be attached in arbitrary ways to the n Wilson lines in the
soft operator in (32). In general, single connected webs at L-loop order carry between 2 and
(L + 1) color generators T . In Figure 7 we show the webs appearing up to three-loop order.
The dashed blobs represent self-energy or vertex functions, which have color structure δab and
−ifabc. The color structures of the three- and four-gluon vertices can be expressed in terms
of fabc symbols.

In our analysis in this section we only use basic properties of the Lie algebra of the gauge
group, which can be summarized as

[T a, T b] = ifabc
T

c , fabcfabd = CA δcd ,

tradj.
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a
T

b
T

c
)

= ifadef begf cgd =
iCA

2
fabc .

(62)

The last relation follows from the Jacobi identity, i.e., the first relation in the adjoint repre-
sentation. While our explicit analysis refers to SU(N) non-abelian gauge theories, its validity
extends to other gauge groups as well.
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Figure 7: One-loop (a), two-loop (b), and three-loop (c) connected webs contributing to the
soft anomalous-dimension matrix. The dots represent color generators, which appear when
the gluons are attached to Wilson lines. In each set, only the first web gives rise to a new
color structure.

6.1 One-loop analysis

In this case the relevant web consists of a single gluon, as shown in Figure 7(a). If it is attached
to two different Wilson lines i and j, then the resulting color structure is Ti · Tj . In this case
non-trivial momentum dependence can arise, which can lead to a factor βij . Recall that only
linear dependence on the cusp angle is allowed. For terms without momentum dependence,
the sum over parton legs reduces the color structure to a diagonal one, since relation (11) can
be applied in this case. Likewise, if the ends of the exchanged gluon are attached to a single
Wilson line i, then the color structure is T 2

i = Ci. It follows that at one-loop order the soft
anomalous-dimension matrix is indeed of the form (52).

6.2 Two-loop analysis

In this case two webs need to be considered, which are depicted in Figure 7(b). The connected
web containing the gluon self-energy has the same color structure as a single gluon exchange,
and hence it does not lead to any new structures in the result (52). The color structure of
the three-gluon web is proportional to −ifabc times three color generators, one for each leg.
There are thus three possibilities, which we consider separately.

If all gluons are attached to a single Wilson line, then the resulting color structure is

−ifabc
T

a
i T

b
i T

c
i =

CACi

2
. (64)

In this case no momentum dependence can arise. If the gluons are attached to two different
Wilson lines i and j, then the resulting color structure is (recall that generators belonging to
different partons commute)

−ifabc
T

a
i T

b
i T

c
j =

CA

2
Ti · Tj . (65)
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3. Consistency with collinear limits
✦ When two partons become collinear, an n-parton 

amplitude Mn reduces to an (n-1)-parton amplitude 
times a splitting amplitude:

✦ ΓSp must be independent of momenta and colors of 
partons 3, ..., n

5 Consistency with collinear limits

Before turning to a diagrammatic study of the anomalous-dimension matrix we discuss one
more non-trivial constraint it must obey, which derives from the known behavior of scattering
amplitudes in the limit where two or more external partons become collinear.

In the limit where the momenta of two of the external partons become collinear, an n-parton
scattering amplitude factorizes into the product of an (n − 1)-parton scattering amplitude
times a universal, process-independent splitting function. This was first shown at tree level
in [63, 64], and extended to one-loop order in [65]. An all-order proof was given in [66].
Strictly speaking, the proof was constructed for leading-color amplitudes only, but the crucial
ingredients are unitarity and analyticity, and it should be possible to extend it to the general
case. Collinear factorization holds at the level of the leading singular terms. It is often
studied for color-ordered amplitudes, for which the color information is stripped off. The
color-stripped splitting functions for the splitting of a parent parton P into collinear partons
a and b are usually denoted by SplitσP

(aσa , bσb) in the literature, where σi denote the helicities
of the partons. These functions have been calculated at tree level (see, e.g., [67]) and to
one-loop order [68]. In contrast, we will study collinear factorization using the color-space
formalism, extending the work of [69] beyond the one-loop approximation. The splitting
functions, which we denote by Sp({pa, pb}), are then matrices in color space, which depend
on the color generators and momenta of the partons involved in the splitting process. For
Catani’s formula (15), the consistency with collinear limits was shown in [34].

Consider, for concreteness, the limit where the partons 1 and 2 become collinear and merge
into an unresolved parton P . We assign momenta p1 = zP and p2 = (1 − z)P and consider
the collinear limit P 2 → 0. In this limit the scattering amplitude factorizes in the form

|Mn({p1, p2, p3, . . . , pn})〉 = Sp({p1, p2}) |Mn−1({P, p3, . . . , pn})〉 + . . . . (54)

The splitting function encodes the singular behavior of the amplitude |Mn〉 as p1||p2, and the
factorization holds up to terms that are regular in the collinear limit. Analogous relations
describe the behavior in limits where more than two partons become collinear. However, it is
sufficient for our purposes to focus on the simplest case.

The factorization formula (54) holds both for the dimensionally regularized scattering
amplitudes |Mn(ε, {p})〉 as well as for the minimally subtracted amplitudes |Mn({p}, µ)〉 in
(1). Since we know that the divergences of the amplitude can be absorbed into a Z-factor,
equation (54) implies a constraint on the divergences of the splitting function. It can be
written as

lim
ε→0

Z
−1(ε, {p1, . . . , pn}, µ)Sp(ε, {p1, p2}) Z(ε, {P, p3 . . . , pn}) = Sp({p1, p2}, µ) , (55)

where the renormalized splitting function on the right-hand side is finite for ε → 0. From (5)
it then follows that the renormalized splitting function fulfills the RG equation

d

d lnµ
Sp({p1, p2}, µ) = Γ({p1, . . . , pn}, µ)Sp({p1, p2}, µ)

− Sp({p1, p2}, µ)Γ({P, p3 . . . , pn}, µ) .

(56)
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This form may be derived from either the Berends–Giele recurrence relations [17], or else [18]

from the Koba–Nielsen open-string amplitude [19]. Either derivation shows that this factorization

holds only for on-shell (that is, physically polarized) legs a, b, but in arbitrary dimension. The

following arguments will thus go through equally well in the four-dimensional helicity scheme, the

conventional dimensional regularization scheme, or the original ’t Hooft–Veltman scheme.

b

a

a || b
b

a

a+b

Figure 1. A schematic depiction of the collinear factorization of tree-level amplitudes, with

the amplitudes labelled clockwise.

The tree splitting amplitude is given by the appropriate limit of the three-point Berends-Giele

current,

Splittreeσ (aλa , bλb) =
1√
2sab

[

ε(λa)
a · ε(λb)

b (kb − ka) · ε(σ)
−Σ + 2ka · ε

(λb)
b ε(λa)

a · ε(σ)
−Σ − 2kb · ε(λa)

a ε(λb)
b · ε(σ)

−Σ

]

,

(3.3)

where Σ denotes the fused leg, kΣ = ka + kb.

In the limit, eqn. (3.1) then yields,

∑

ph. pol. σ

Splittree−σ (aλa , bλb)

∫

dLIPS4−2ε("1,−"2)

× Atree
n−m+2("1, c, . . . , d,−"2)A

tree
m+1("2, d+1, . . . , (a + b)σ, . . . , c−1,−"1)

=
∑

ph. pol. σ

Splittree−σ (aλa , bλb) A1-loop
n−1 (1, . . . , (a + b)σ, . . . , n)

∣

∣

∣

tc···d cut
.

(3.4)

As noted in section 2, we need not consider cuts where the momenta are on opposite sides of

the cut (in which case they are both necessarily adjacent to it). The above derivation breaks down,

as expected, if a and b are the only legs on one side of the cut; but all contributions except those

detectable in the singular channel take the form presented in eqn. (3.4). This leaves us with the

singular channel, which I consider next.

7

1

2

1

2
1+2

1||2

Analogous equations hold for the higher splitting functions Sp({p1, . . . , pm}, µ), which describe
the limits where more than two partons become collinear. To bring the RG equation into a
more useful form, we note that charge conservation implies

(T1 + T2)Sp({p1, p2}, µ) = Sp({p1, p2}, µ) TP , (57)

where TP is the color generator associated with the parent parton P . Since the splitting
function commutes with the generators of partons not involved in the splitting process, we
can thus commute the anomalous dimension in the second term to the left to obtain

d

d lnµ
Sp({p1, p2}, µ) = ΓSp({p1, p2}, µ)Sp({p1, p2}, µ) , (58)

where we have defined

ΓSp({p1, p2}, µ) = Γ({p1, . . . , pn}, µ) − Γ({P, p3 . . . , pn}, µ)
∣∣
TP→T1+T2

. (59)

The fact that the anomalous dimension of the splitting function must be independent of the
colors and momenta of the partons not involved in the splitting process, which is a conse-
quence of the factorization formula (54), imposes a non-trivial constraint on the form of the
anomalous-dimension matrix. We will explore its implications in Section 6.6.

Assuming the form (7) for the anomalous-dimension matrix Γ, we find that the anomalous
dimension of the splitting function has the form

ΓSp({p1, p2}, µ) = γcusp

[
T1 · T2 ln

µ2

−s12
+ T1 · (T1 + T2) ln z + T2 · (T1 + T2) ln(1 − z)

]

+ γ1 + γ2 − γP , (60)

where γP is the anomalous dimension associated with the unresolved parton P . Note that the
momentum-dependent terms in the result are insensitive to the flavor of the partons involved
in the splitting process. The divergent part of the one-loop splitting function for m partons in
the color-space formalism was given in [69]. Expanding the result obtained there for the case
m = 2, we find

Sp1−loop(ε, {p1, p2}) =
αs

4π

[(
2

ε2
+

2

ε
ln

µ2

−s12

)
T1 · T2

+
2

ε

[
T1 · (T1 + T2) ln z + T2 · (T1 + T2) ln(1 − z)

]

+
1

2ε

(
γ1

0 + γ2
0 − γa

0

)
+ O(ε0)

]
Sptree({p1, p2}) ,

(61)

which is in agreement with the result obtained by solving the RG equation (58).
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Implications for Γ 
✦ At one- and two-loop order, this only allows for 

two-parton, color-dipole correlations:

✦ minimal structure, reminiscent of QED
✦ explains cancellations observed                       

in explicit multi-loop calculations

The formal solution to this equation can be written in the form

Z(ε, {p}, µ) = P exp

[∫ ∞

µ

dµ′

µ′ Γ({p}, µ′)

]
, (6)

where the path-ordering symbol P means that matrices are ordered from left to right according
to decreasing values of µ′. The upper integration value follows from asymptotic freedom and
the fact that Z = 1 + O(αs).

In the Section 4, we will discuss theoretical arguments supporting an all-order conjecture
for the anomalous-dimension matrix presented in [3], which states that it has the simple form

Γ({p}, µ) =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij

+
∑

i

γi(αs) , (7)

where sij ≡ 2σij pi · pj + i0, and the sign factor σij = +1 if the momenta pi and pj are both
incoming or outgoing, and σij = −1 otherwise. Here and below the sums run over the n
external partons. The notation (i1, ..., ik) refers to unordered tuples of distinct parton indices.
Our result features only pairwise correlations among the color charges and momenta of different
partons. These are the familiar color-dipole correlations arising already at one-loop order from
a single soft gluon exchange. The fact that higher-order quantum effects do not induce more
complicated structures and multi-particle correlations indicates a semi-classical origin of IR
singularities. Besides wave-function-renormalization-type subtractions accomplished by the
single-particle terms γi, the only quantum aspect appearing in (7) is a universal anomalous-
dimension function γcusp related to the cusp anomalous dimension of Wilson loops with light-
like segments [23–25]. The three anomalous-dimension functions entering our result are defined
by relation (7). They can be extracted from the known IR divergences of the on-shell quark
and gluon form factors, which have been calculated to three-loop order [26–28]. The explicit
three-loop expressions are given in Appendix A.

Concerning the form of (7), we note that a conjecture that an analogous expression for
the soft anomalous-dimension matrix (see Section 4.4 below) might hold to all orders was
mentioned in passing in the introduction of [12], without presenting any supporting arguments.
In a very recent paper, Gardi and Magnea have analyzed the soft anomalous-dimension matrix
in more detail and found that (7) is the simplest solution to a set of constraints they have
derived [29]. However, they concluded that the most general solution could be considerably
more complicated. Indeed, we emphasize that as a consequence of our result some amazing
cancellations must occur in multi-loop calculations of scattering amplitudes. At L-loop order
Feynman diagrams can involve up to 2L parton legs, while the most non-trivial graphs without
subdivergences can still connect (L+1) partons. We predict that these complicated diagrams
can be decomposed into two-particle terms, whose color and momentum structure resembles
that of one-loop diagrams. At two-loop order, these cancellations were found by explicit
calculation in [30, 31]. More recently, the analysis was extended to the subclass of three-
loop graphs containing fermion loops [32]. In Section 6.2 we will present a simple symmetry
argument explaining these results.

To derive the perturbative expansion of the Z-factor from the formal solution (6) we use

6

sum over pairs
i≠j of partons

color charges
anom. dimensions, 

known to three-loop order 

(pi + pj)2

Becher, MN 2009; Gardi, Magnea 2009; Bern et al. 2008

Aybat, Dixon, Sterman 2006; Dixon 2009

2

i k

j

i

j

k

(a) (b)

k

j

i i

j

k

(c) (d)

i

j

k i

j

k

(e) (f)

FIG. 1: Diagrams whose ultraviolet poles determine the soft
anomalous dimension at two loops. The crossed vertex rep-
resents the point at which the Wilson lines are linked. The
straight lines represent eikonal propagators. Referring to the
number of Wilson lines linked by gluons, in the text we refer
to these as 3E diagrams (a-c) and 2E diagrams (d-f).

Examples of the diagrams involved in the calculation
of the two-loop anomalous dimension are shown in Fig.
1. In momentum space, the propagators and vertices
from Wilson lines are given by eikonal expressions [9].
The corresponding two-loop corrections to the anomalous
dimensions are found in the usual way [11] from the two-
loop UV single poles of these diagrams after one-loop
renormalization.

The result (4) for massless partons is a consequence of
the vanishing of the single poles of those two-loop “3E”
diagrams in which color is exchanged coherently between
three eikonal lines in the figures. The arguments of Ref.
[11] do not, however, generalize directly to massive Wil-
son lines, with velocity vectors β2

i != 0. While an ana-

lytic determination of Γ(2)
S would, of course, be desirable,

numerical determination is also of interest, and is cer-
tainly adequate to determine how far Eq. (4) generalizes
to the production of massive particles. We provide the
necessary analysis below, and show that when the β2

i are
nonzero, Eq. (4) no longer holds. A generalization of Eq.
(4), however, given by Eq. (30) below, does holds for two-
to-two processes for special momentum configurations.

Much of our analysis will be carried out in position,
rather than momentum space. In the following, we will
take every parton as massive, and use the scale invariance

of Wilson lines to set β2
i = 1. Because we are calculating

renormalization constants, we can carry out our analysis
in Euclidean space. Indeed, a numerical result in Eu-
clidean space is adequate to establish that the matrix
does not follow Eq. (4) in Minkowski space. Otherwise,
analytic continuation through Wick rotation would im-
ply that the same result would hold in Euclidean space
as well.

We begin with the diagram, Fig. 1a, in which three
eikonal lines are coupled by gluons that are linked at
a three-gluon coupling [11]. In the configuration space
evaluation of this diagram, we must integrate the posi-
tion of the three-gluon vertex over all space. The three
propagators each have one end fixed at this vertex and
the other end fixed at a point λiβi along the ith Wilson
line. Each parameter λi is integrated from the composite
vertex to infinity. This diagram vanishes in Minkowski
space for massless Wilson lines [11].

Suppressing color factors, we represent the 3E diagram
Fig. 1a as

F (2)
3g (βI) =

∫

dDx
3

∏

i=1

∫ ∞

0
dλiV (x, βI) . (5)

Here βI = {β1, β2, β3} denotes the set of three massive
velocities of the lines to which the gluons attach, while
the propagators and numerator factors of the integrand
are given by a sum over six terms,

V (x, βI) =
3

∑

i,j,k=1

εijkvijk(x, βI) . (6)

Each of these terms involves the derivative of one of the
propagators, according to the usual gauge theory rules
for the three-vector coupling,

vijk(x, βI) = −i(gµε)4βi · βj ∆(x − λjβj)∆(x − λkβk)

× βk · ∂x∆(x − λiβi) , (7)

where ∆ represents the position-space scalar propagator,

∆(x − λiβi) = − Γ(1 − ε)

4π2−ε

1

(x − λiβi)
2(1−ε)

. (8)

We work in Feynman gauge. The contribution of this
(scaleless) diagram to the anomalous dimension matrix
is found from the residue of its simple ultraviolet pole.
We note that all diagrams found from products of Wil-
son lines are scaleless overall, and are defined by their
renormalization constants [11].

At fixed x, for massive eikonals the λ integrals in Eq.
(5) are all finite in four dimensions. After these integrals
are carried out, the βi-dependence enters only through
the combination

ζi ≡
βi · x√

x2
, (9)



Implications for Γ 
✦ At three-loop order, a single additional 4-parton 

structure is allowed, involving an unknown 
function F that must vanish in all collinear limits:

✦ It has been conjectured that F(x,y)=0 

✦ However, simple functions like F(x,y)=x3(x2-y2) 
would be consistent with all known constraints

We note in this context that a conjecture about the exponentiation of the finite terms of
scattering amplitudes in N = 4 SYM theory [76] was recently shown to be invalidated, for the
case of n > 5 partons and at two-loop order, by Regge cut contributions [83], which vanish in
all two-parton collinear limits [84]. However, these contributions were found not to affect the
divergent terms of the amplitude [85].

6.7 Extension to higher orders

Leaving aside the possibility of functions of conformal cross ratios that vanish in all collinear
limits, the arguments presented in the previous sections establish our conjecture (7) at three-
loop order and moreover exclude a certain class of modifications at four-loop order. It would
certainly be worthwhile to test the rigor of these arguments with explicit multi-loop calcula-
tions, as we have emphasized toward the end of Section 6.5. Nevertheless, in our opinion these
arguments provide compelling evidence that our result is correct to all (finite) orders in per-
turbation theory. Essentially, the constraint (48) derived from the factorization properties of
SCET, when combined with the splitting relation (60), requires that the anomalous-dimension
matrix must be linear in both the cusp angles and the color generators of the external par-
tons, and that the coefficient of the cusp term is the cusp anomalous dimension. This implies
that momentum-independent terms are color-diagonal to all orders. Momentum-dependent
structures must have the color-dipole structure exhibited in (7).

It thus appears that our relation (7) may indeed be an exact result of perturbative quantum
field theory, valid in arbitrary massless gauge theories. There are few such results known in
the literature, and it is not unreasonable to expect that the discovery of this relation will have
profound implications for our understanding of scattering amplitudes.

7 Summary and outlook

We have shown that the IR poles of on-shell scattering amplitudes in massless QCD can be
mapped onto the UV poles of the renormalization factor Z of n-jet operators in SCET. The
RG evolution of these operators is governed by a universal anomalous-dimension matrix, whose
form is severely constrained by soft-collinear factorization, non-abelian exponentiation, and
the behavior of amplitudes in collinear limits. We have argued that only the simple form

Γ({p}, µ) =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij
+

∑

i

γi(αs)

is consistent with all these constraints and have explicitly checked that they exclude any
additional contributions up to three-loop accuracy. We also find that contributions from
terms involving higher Casimir operators are excluded at four loops. However, our arguments
do not exclude the presence of the term

∆Γ({p}, µ) =
∑

(i,j,k,l)

fadef bce
(
T

a
i T

b
j T

c
k T

d
l

)
+

F (βijkl, βiklj − βiljk)
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Cusp logarithm at four loops

✦ Interesting new webs involving higher Casimir 
invariants first arise at four loops:

✦ We have shown that they do not contribute to 
the coefficient of the cusp logarithm

Figure 8: Four-loop connected webs involving higher Casimir invariants.

Using the notation

Dijkl = dabcd
F T

a
i T

b
j T

c
k T

d
l = dabcd

F

(
T

a
i T

b
j T

c
k T

d
l

)
+

, (83)

the possible contributions to the soft anomalous-dimension matrix linear in cusp angles have
the following structures: βij Diijj and βij Diiij (gluon attachments to two different Wilson
lines), βjk Diijk and (βij + βik)Diijk (attachments to three different Wilson lines), or βij Dijkl

(attachments to four different Wilson lines). Here we have exploited the fact that Dijkl is
totally symmetric in its indices. Using color conservation to evaluate the sums over free
parton indices, the result can be reduced to

∆Γcusp
s =

∑

(i,j)

βij

[
Diijj g1(αs) + Diiij g2(αs)

]
+

∑

(i,j,k)

βij Dijkk g3(αs) , (84)

where the superscript “cusp” indicates that we only focus on new structures linear in cusp
angles. The coefficient functions contain in general two terms of the form gi(αs) = nf gF

i (αs)+
I4(A) gA

i (αs), see Figure 8. They start at O(α4
s).

Let us now evaluate the condition (48), which implies

∂∆Γcusp
s

∂Li

= −C4(F, Ri) g2(αs) +
∑

j !=i

[
2Diijj

(
g1(αs) − g3(αs)

)
+ Dijjj

(
g2(αs) − 2g3(αs)

)]
.

(85)
Only the first term on the right-hand side is of the required form and can be absorbed into
the jet-function anomalous dimension, so that the factorization constraint (48) implies

g3(αs) = g1(αs) =
g2(αs)

2
. (86)

The higher-Casimir cusp terms must thus have the form

∆Γcusp
s = g1(αs)

[∑

(i,j)

βij

(
Diijj + 2Diiij

)
+

∑

(i,j,k)

βij Dijkk

]
. (87)

It is remarkable that the factorization constraint determines the structure of this term uniquely
up to an overall coefficient function.

The corresponding contribution to the four-loop anomalous-dimension matrix of n-jet
SCET operators is given by

∆Γcusp
4 = −g1(αs)

[∑

(i,j)

ln
µ2

−sij

(
Diijj + 2Diiij

)
+

∑

(i,j,k)

ln
µ2

−sij

Dijkk

]
. (88)

31

Figure 8: Four-loop connected webs involving higher Casimir invariants.
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It is remarkable that the factorization constraint determines the structure of this term uniquely
up to an overall coefficient function.

The corresponding contribution to the four-loop anomalous-dimension matrix of n-jet
SCET operators is given by

∆Γcusp
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see (41) and (53). This relation is indeed satisfied at three-loop order [13]. To this order
Casimir scaling is a consequence of non-abelian exponentiation, as can be seen from our
analysis above: restricted to the two-jet case, all possible color structures arising up to three-
loop order are proportional to Ci. Beyond three loops non-abelian exponentiation no longer
automatically implies Casimir scaling [9], and there are arguments based on calculations using
the AdS/CFT correspondence [14–16] suggesting a violation at higher orders [17–19]. The
new color structures would involve higher Casimir invariants such as those appearing in the
four-loop β-function of non-abelian gauge theory [70].

For the case of N = 4 SYM in the strong coupling limit, λ = g2
sNc → ∞, a violation

of Casimir scaling was found in [17] by considering a Wilson loop in a k-dimensional anti-
symmetric representation of SU(Nc) in the limit where Nc and k go to infinity at fixed ratio
Nc/k. Since the calculation was performed in the strong-coupling limit, it does not predict
if and at which order in the weak-coupling expansion the effect would appear. On the other
hand, it is not implausible that it might appear at some order in perturbation theory, since
the perturbative resummation of ladder diagrams contributing to Wilson loops in N = 4 SYM
indeed produces, when reexpanded for large λ, the e

√
λ behavior characteristic for the strong-

coupling limit [71]. Also, in [72, 73] an all-order form of the cusp anomalous dimension of
planar N = 4 SYM was proposed, which is given by the solution of a certain integral equation.
This conjecture has been checked by four-loop calculations in the weak-coupling limit [74] and
to second order in the strong-coupling expansion using AdS/CFT and a two-loop superstring
calculation [75].

Higher Casimir invariants can be constructed by considering symmetrized traces

da1a2...an

R = tr
[
(T a1

R T
a2
R . . . T

an

R )+

]
(81)

of generators in a representation R. Any such trace contracted with n generators defines a
Casimir invariant, since

Cn(R, R′) = da1a2...an

R T
a1
R′ T

a2
R′ . . . T

an

R′ (82)

commutes with all generators in the representation R of the group. If R is irreducible, then
Schur’s lemma implies that Cn(R, R′) is proportional to the unit matrix. These Casimir
invariants are, however, not all independent. To obtain an independent set of Casimir oper-
ators it is sufficient to consider symmetric traces in the fundamental representation to define
the d-symbols, since da1a2...an

R = In(R) da1a2...an

F with a representation-dependent index In(R).
Furthermore, the invariants can be redefined, da1...an → da1...an

⊥ , such that they fulfill the or-
thogonality conditions da1...al...an

⊥ da1...al

⊥ = 0 [76, 77]. For SU(N) groups, N − 1 independent
invariants can be constructed in this way. More details on the evaluation of group-theory
factors appearing in Feynman diagrams can be found in [78].

Let us now consider possible contributions of these new color structures to the cusp part of
the soft anomalous-dimension matrix. The case n = 3 is irrelevant, since I3(A) = 0 and traces
over three color matrices in the fundamental representation do not arise in QCD. Traces of four
color generators do arise, however, from the diagrams shown in Figure 8. The corresponding
single connected webs can contribute to the soft anomalous-dimension matrix starting at four-
loop order. Our goal is to study the most general contributions of these webs proportional to
a cusp logarithm. A complete classification of potential new color and momentum structures
that could arise at four-loop order is left for future work.
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Cusp logarithm at four loops

✦ Applied to the two-jet case (form factors), our 
constraints thus imply Casimir scaling of the 
cusp anomalous dimension to four-loop order:

✦ Checked explicitly at three loops 

✦ At odds with expectations from AdS/CFT 
correspondence (strong-coupling limit)

✦ Presumably not a real conflict ...

It follows that using arguments based on factorization and non-abelian exponentiation alone,
one cannot exclude color and momentum structures in the soft anomalous-dimension matrix
that are more complicated that those in (51).

To summarize what we have learned so far, we note that our conjecture (7) for the struc-
ture of the anomalous-dimension matrix for n-jet SCET operators might have to be modified
starting at three-loop order. Inverting the relations between color structures that led to (73)
and expressing the result in terms of structures containing maximal numbers of color genera-
tors, we find that the most general form of the additional terms to the anomalous-dimension
matrix Γ in (7) is

∆Γ3({p}, µ) = − f̄1(αs)

4

∑

(i,j,k,l)

fadef bce
T

a
i T

b
j T

c
k T

d
l ln

(−sij)(−skl)

(−sik)(−sjl)

− f̄2(αs)
∑

(i,j,k)

fadef bce
(
T

a
i T

b
i

)
+

T
c
j T

d
k ,

(78)

where the subscript “3” indicates that these structures could first arise at three-loop order. At
this order the functions f̄i(αs) are given by simple numerical coefficients (free of color factors)
times (αs/π)3. To determine these coefficients, it would suffice to calculate an arbitrary
four-parton amplitude at three-loop order. In Section 6.5 we provide circumstantial evidence
suggesting that both coefficients vanish, so the original conjecture would in fact continue to
hold at three-loop order. It is important to note that even in the more general case no explicit
µ dependence enters in (78), so that

∂

∂ ln µ
∆Γ3({p}, µ) = 0 , (79)

and hence there is no contribution of this structure to the function Γ′(αs) in (10). It follows
that in (12) a modification would first enter in the Γ2/ε term at three-loop order. Equivalently,
the structure of the cusp logarithms in the anomalous-dimension matrix remains unaffected
up to and including three loops, while the non-cusp terms remain unaffected at least to two-
loop order. Based on our result (7), and irrespective of whether the additional terms in
(78) vanish or not, it is therefore possible to resum large Sudakov logarithms in n-parton
scattering processes at next-to-next-to-leading-logarithmic accuracy. This will be sufficient
for all practical matters for a long time to come. When combined with one-loop matching
calculations, it allows us to consistently implement and merge resummation with next-to-
leading order perturbative calculations.

6.4 Higher Casimir contributions to the cusp anomalous dimension

For the special case of two-jet operators, the simple form (7) implies Casimir-scaling of the
cusp anomalous dimension, i.e., the cusp anomalous dimensions of quarks and gluons are
related to each other by the ratio of the quadratic Casimir operators Ci:

Γq
cusp(αs)

CF

=
Γg

cusp(αs)

CA

= γcusp(αs) , (80)

29 Moch, Vermaseren, Vogt 2004
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Extension to massive partons



Heavy particles

✦ Have extended our analysis to amplitudes 
which contain massive partons

✦ Effective theory is a combination of HQET 
(heavy partons) and SCET (massless partons)

✦ Constraints from soft-collinear factorization 
and collinear limits no longer apply

✦ For the purely massive case, all structures 
allowed by non-abelian exponentiation at a 
given order will be present!

Becher, MN: 0904.1021



Anomalous dimension to two loops

✦ General result:

✦ Generalizes structure found for massless case
✦ Novel three-parton terms appear at two-loop 

order

with TF = 1
2 . Here mi denote the masses of the heavy quarks. Note that, as an alternative

to (2), one can convert the expression for the Z factor from the effective to the full theory by
replacing αs → ξ−1 αQCD

s . We will make use of this possibility in Section 4 to predict the IR
poles of the qq̄ → tt̄ and gg → tt̄ amplitudes in full QCD.

The relation

Z−1(ε, {p}, {m}, µ)
d

d lnµ
Z(ε, {p}, {m}, µ) = −Γ({p}, {m}, µ) (4)

links the renormalization factor to a universal anomalous-dimension matrix Γ, which governs
the scale dependence of effective-theory operators built out of collinear SCET fields for the
massless partons and heavy-quark effective theory (HQET [32]) fields for the massive ones. For
the case of massless partons, the anomalous dimension has been calculated at two-loop order
in [7, 8] and was found to contain only two-parton color-dipole correlations. It has recently
been conjectured that this result may hold to all orders of perturbation theory [10, 14, 16]. On
the other hand, when massive partons are involved in the scattering process, then starting at
two-loop order correlations involving more than two partons appear [25], the reason being that
constraints from soft-collinear factorization and two-parton collinear limits, which protect the
anomalous dimension in the massless case, no longer apply [26].

At two-loop order, the general structure of the anomalous-dimension matrix is [26]

Γ({p}, {m}, µ) =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij

+
∑

i

γi(αs)

−
∑

(I,J)

TI · TJ

2
γcusp(βIJ , αs) +

∑

I

γI(αs) +
∑

I,j

TI · Tj γcusp(αs) ln
mIµ

−sIj

+
∑

(I,J,K)

ifabc T a
I T b

J T c
K F1(βIJ , βJK , βKI) (5)

+
∑

(I,J)

∑

k

ifabc T a
I T b

J T c
k f2

(

βIJ , ln
−σJk vJ · pk

−σIk vI · pk

)

+ O(α3
s) .

The one- and two-parton terms depicted in the first two lines start at one-loop order, while
the three-parton terms in the last two lines start at O(α2

s). Starting at three-loop order also
four-parton correlations would appear. The notation (i, j, . . . ) etc. refers to unordered tuples
of distinct parton indices. We have defined the cusp angles βIJ via

cosh βIJ =
−sIJ

2mImJ

= −σIJ vI · vJ − i0 = wIJ . (6)

They are the hyperbolic angles formed by the time-like Wilson lines of two heavy partons.
The physically allowed values for wIJ are wIJ ≥ 1 (one parton incoming and one outgoing),
corresponding to βIJ ≥ 0, or wIJ ≤ −1 (both partons incoming or outgoing), corresponding
to βIJ = −b + iπ with real b ≥ 0.1 The first possibility corresponds to space-like kinematics,

1This choice implies that sinhβ =
√

w2 − 1. Alternatively, we could have used βIJ = b − iπ with b ≥ 0, in
which case sinhβ = w

√
1 − w−2. We have confirmed that our results are the same in both cases.

4

with TF = 1
2 . Here mi denote the masses of the heavy quarks. Note that, as an alternative

to (2), one can convert the expression for the Z factor from the effective to the full theory by
replacing αs → ξ−1 αQCD

s . We will make use of this possibility in Section 4 to predict the IR
poles of the qq̄ → tt̄ and gg → tt̄ amplitudes in full QCD.

The relation

Z−1(ε, {p}, {m}, µ)
d

d lnµ
Z(ε, {p}, {m}, µ) = −Γ({p}, {m}, µ) (4)

links the renormalization factor to a universal anomalous-dimension matrix Γ, which governs
the scale dependence of effective-theory operators built out of collinear SCET fields for the
massless partons and heavy-quark effective theory (HQET [32]) fields for the massive ones. For
the case of massless partons, the anomalous dimension has been calculated at two-loop order
in [7, 8] and was found to contain only two-parton color-dipole correlations. It has recently
been conjectured that this result may hold to all orders of perturbation theory [10, 14, 16]. On
the other hand, when massive partons are involved in the scattering process, then starting at
two-loop order correlations involving more than two partons appear [25], the reason being that
constraints from soft-collinear factorization and two-parton collinear limits, which protect the
anomalous dimension in the massless case, no longer apply [26].

At two-loop order, the general structure of the anomalous-dimension matrix is [26]

Γ({p}, {m}, µ) =
∑

(i,j)

Ti · Tj

2
γcusp(αs) ln

µ2

−sij

+
∑

i

γi(αs)

−
∑

(I,J)

TI · TJ

2
γcusp(βIJ , αs) +

∑

I

γI(αs) +
∑

I,j

TI · Tj γcusp(αs) ln
mIµ

−sIj

+
∑

(I,J,K)

ifabc T a
I T b

J T c
K F1(βIJ , βJK , βKI) (5)

+
∑

(I,J)

∑

k

ifabc T a
I T b

J T c
k f2

(

βIJ , ln
−σJk vJ · pk

−σIk vI · pk

)

+ O(α3
s) .

The one- and two-parton terms depicted in the first two lines start at one-loop order, while
the three-parton terms in the last two lines start at O(α2

s). Starting at three-loop order also
four-parton correlations would appear. The notation (i, j, . . . ) etc. refers to unordered tuples
of distinct parton indices. We have defined the cusp angles βIJ via

cosh βIJ =
−sIJ

2mImJ

= −σIJ vI · vJ − i0 = wIJ . (6)

They are the hyperbolic angles formed by the time-like Wilson lines of two heavy partons.
The physically allowed values for wIJ are wIJ ≥ 1 (one parton incoming and one outgoing),
corresponding to βIJ ≥ 0, or wIJ ≤ −1 (both partons incoming or outgoing), corresponding
to βIJ = −b + iπ with real b ≥ 0.1 The first possibility corresponds to space-like kinematics,

1This choice implies that sinhβ =
√

w2 − 1. Alternatively, we could have used βIJ = b − iπ with b ≥ 0, in
which case sinhβ = w

√
1 − w−2. We have confirmed that our results are the same in both cases.

4

new!

massless partons

massive partons
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Calculation of three-parton terms

✦ Relevant two-loop diagrams:

✦ Surprisingly simple answer:

with:

3.3 Derivation of f2

While the three-parton contribution described by F1 is interesting on general grounds, there are
not many processes of phenomenological importance in which three massive, colored partons
are produced in a high-energy collision. For instance, searches for heavy, colored superpartners
at the LHC will most likely focus on the pair production of squarks and gluinos. Hence, the
three-parton term proportional to the function f2 in (5) is of greater practical importance.
This function can be obtained from the result (30) by writing w23 = −σ23 v2 · p3/m3, w31 =
−σ31 v1 · p3/m3 and taking the limit m3 → 0 at fixed vI · p3. In that way, we obtain

f2

(

β12, ln
−σ23 v2 · p3

−σ31 v1 · p3

)

= 3 lim
m3→0

F1(β12, β23, β31) . (32)

Starting from the expression for F (2)
1 given earlier, we immediately derive the two-loop coeffi-

cient

f (2)
2

(

β12, ln
−σ23 v2 · p3

−σ13 v1 · p3

)

= −4g(β12) ln
−σ23 v2 · p3

−σ13 v1 · p3
, (33)

where g(β) has been defined above. We believe it is not an accident that the function f2

is linear in its second argument, but that this feature persists to all orders of perturbation
theory. The reason is that the logarithm

ln
−σ23 v2 · p3

−σ13 v1 · p3
≡ ln

−2σ23 v2 · p3

µ
− ln

−2σ13 v1 · p3

µ
(34)

is really the difference of two divergent collinear logarithms, and in order for the scale de-
pendence to cancel between terms depending on one of the two logarithms, the dependence
should be single logarithmic.

3.4 Properties of the universal functions

We finish this section by collecting some useful properties of the three-parton correlation
functions. We first note that, at least to two-loop order, we can rewrite the above relations in
the suggestive form

F1(β12, β23, β31) =
1

3

∑

I,J,K

εIJK

αs

4π
g(βIJ) γcusp(βKI , αs) ,

f2

(

β12, ln
−σ23 v2 · p3

−σ13 v1 · p3

)

= −
αs

4π
g(β12) γcusp(αs) ln

−σ23 v2 · p3

−σ13 v1 · p3
,

(35)

where γcusp(β, αs) and γcusp(αs) are the cusp anomalous dimensions entering the two-parton
terms in (5), and at one-loop order

γcusp(β, αs) = γcusp(αs) r(β) , with r(β) = β coth β , (36)

where γcusp(αs) has been given in (9). Whether a factorization of the three-parton terms into
a cusp anomalous dimension times a function of another cusp angle persists at higher orders
of perturbation theory is an interesting open question.
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anti-symmetric in 
heavy-parton indices

where [dx] ≡ dx1 dx2 dx3 δ(1−x1 − x2 −x3), and all integrals run from 0 to 1. This result can
be recast into the five-fold Mellin-Barnes representation

I(w12, w23, w31) = 2(w23 w31 + w12)
1

(2πi)5

∫ +i∞

−i∞

[ 5
∏

i=1

dzi

]

(2w23)
2z1−1(2w31)

2z2−1(2w12)
2z3

×
Γ(1 − 2z1) Γ(1 − 2z2)

Γ(z1 + z2 + z3 + z4 + z5)
Γ(−2z3) Γ(−z4) Γ(z1 + z3) Γ(z1 + z5) Γ(z2 − z5) Γ(z3 + z5)

× Γ(z1 + z2 + z4) Γ(z2 + z3 + z4) Γ(z2 + z4 + z5) Γ(1 − z2 − z4 − z5) . (27)

Decomposing the wIJ variables in terms of exponentials of cusp angles, wIJ = cosh βIJ =
(αIJ + α−1

IJ )/2 with αIJ ≡ eβIJ , we can convert the factors (2wIJ)2zK into powers of αIJ by
introducing three more Mellin-Barnes parameters. By applying Barnes’ Lemmas repeatedly,
we can then reduce the representation (27) to a three-fold one:

I(w12, w23, w31) = 2(w23 w31 + w12)
1

(2πi)3

∫ +i∞

−i∞

dz1 dz2 dz3 α−2z3
12 α−1−2z1

23 α−1−2z2
31

× Γ(−z1 − z3) Γ(1 + z1 − z3) Γ(−z1 + z3) Γ(1 + z1 + z3)

× Γ2(−z2 − z3) Γ2(1 + z2 − z3) Γ2(−z2 + z3) Γ2(1 + z2 + z3) .

(28)

The remaining integrals can be performed by closing the contours and summing up the
residues. The resulting expression for I is rather complicated, but the totally anti-symmetrized
sum needed in (25) turns out to be amazingly simple:

F (2) non−planar
1 = −

4

3

∑

I,J,K

εIJK β2
IJ βKI coth βKI . (29)

In dealing with the Mellin-Barnes representations we have used the program package MB [36]
and associated packages found on the MB Tools web page [37]. We have checked the answer
for this diagram numerically using sector decomposition [38]. We have also checked that for
Euclidean velocities our result for the triple-gluon diagram agrees numerically with a position-
space based integral representation derived in [25]. Combining all contributions, we finally
find

F (2)
1 (β12, β23, β31) =

4

3

∑

I,J,K

εIJK g(βIJ) βKI coth βKI , (30)

where we have introduced the function

g(β) = coth β

[

β2 + 2β ln(1 − e−2β) − Li2(e
−2β) +

π2

6

]

− β2 −
π2

6
. (31)

The constant term −π2/6 has been added by hand, so that g(β) vanishes for β → ∞. Its
effect cancels in the anti-symmetrized sum over terms in (30).
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Figure 1: Two-loop Feynman graphs (top row) and one-loop counterterm diagrams

(bottom row) contributing to the two-loop renormalization factor Z
(2)
s .

where here and below the superscripts in parenthesis refer in an obvious way to the order in
the expansion in powers of αs/4π. The tree-level matrix element is 〈〈Os〉〉(0) = 1. The equation

above thus expresses the two-loop renormalization factor Z
(2)
s in terms of two contributions,

Z(2)
s = −

[

〈〈Obare
s 〉〉(2) + 〈〈Obare

s 〉〉(1)Z(1)
s

]

UV poles
. (21)

The function F1 is derived from the pole terms in Z
(2)
s with totally anti-symmetric color

structure, so we can limit the discussion to Feynman graphs involving the color generators of
all three partons. Diagrammatically, the first contribution on the right-hand side contains the
UV poles of the planar and non-planar two-loop graphs shown in the first row in Figure 1. The
second contribution corresponds to the UV poles of the one-loop diagrams with a counterterm
insertion, as illustrated in the second row of the figure. In the calculation of the UV poles we
regularize IR divergences by assigning residual external momenta li to the Wilson lines, with
ωi ≡ −vi · li > 0. While the individual contributions depend on the ωi regulators, their sum
does not. Also, for concreteness we perform the calculation with three outgoing Wilson lines
in the fundamental representation. Afterwards we replace the color matrices arising from the
Feynman rules by ta → T a to convert to the color-space formalism. For an incoming line the
color matrix would get transposed, and in addition one would pick up a minus sign since the
velocity in the corresponding heavy-quark propagator is reversed. As a result, in this case the
correspondence would be (−ta)T → T a, in accordance with the rules given in [29, 30].

We find that the 1/ε pole terms in the sum of all diagrams can be written as

〈〈Obare
s 〉〉(2) + 〈〈Obare

s 〉〉(1)Z(1)
s = −

2

ε2

∑

(I,J,K)

(TI · TJ ) (TI · TK) (βIJ cothβIJ) (βIK coth βIK)

−
3

2ε
ifabc T a

1 T b
2 T c

3 F (2)
1 (β12, β23, β31) + . . . , (22)
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Large higher-order corrections

✦ Corrections are large:        
70% at NLO + 30% at NNLO 
[130% and 80% if PDFs and 
αs  are held fixed] 

✦ Only Cgg contains leading 
singular terms, which give 
90% of NLO and 94% of 
NNLO correction

✦ Contributions of Cqg and Cqq 

are small: -1% and -8% of the 
NLO  correction

3

with

S(−µ2, µ2) = −

αs(µ2)
∫

αs(−µ2)

dα
ΓA

cusp(α)

β(α)

α
∫

αs(−µ2)

dα′

β(α′)
,

aΓ(−µ2, µ2) = −

αs(µ2)
∫

αs(−µ2)

dα
ΓA

cusp(α)

β(α)
,

(19)

and similarly for the function aγS . The perturba-
tive expansions of these functions obtained at NNLO in
renormalization-group improved perturbation theory can
be found in [20]. They can be simplified using relation
(16). To leading order we find

lnU(m2
H , µ2) =

ΓA
0

2β2
0

{

4π

αs(m2
H)

[

2a arctan(a) − ln(1 + a2)
]

+

(

ΓA
1

ΓA
0

−
β1

β0
−

γS
0 β0

ΓA
0

)

ln(1 + a2) (20)

+
β1

4β0

[

4 arctan2(a) − ln2(1 + a2)
]

+ O(αs)

}

,

where a ≡ a(m2
H). Note that the result is µ-independent at

this order. The relevant anomalous-dimension coefficients
are ΓA

0 = 4CA, γS
0 = 0, and

ΓA
1

ΓA
0

=

(

67

9
−

π2

3

)

CA −
20

9
TF nf , (21)

where CA = Nc, TF = 1/2, and nf = 5 is the number
of light quark flavors. The coefficients of the β-function
follow from (14).

The expression for the evolution function simplifies con-
siderably if we treat a(m2

H) ≈ 0.2 as a parameter of order
αs. Inserting the values of the one-loop anomalous dimen-
sions from above, we then find

lnU(m2
H , µ2) =

CAπαs(m2
H)

2

[

1 +
ΓA

1

ΓA
0

αs(m2
H)

4π
+ O(α2

s)

]

.

(22)
This result makes explicit that the “π2-enhanced” correc-
tions are terms of the form (CAπαs)n in perturbation the-
ory and exponentiate at leading order. The simplest way
to implement our resummation in existing codes for Higgs-
boson production would be to multiply the fixed-order re-
sult with exp[CAπαs(m2

H)/2] and subtract the expanded
form of this factor from the perturbative series. This treat-
ment is sufficient for practical purposes.

Numerically, setting µ = mH = 120GeV we obtain
lnU = {0.563, 0.565, 0.565} at LO, NLO, and NNLO from
the exact expression for the evolution function derived from
(18), indicating that the leading-order terms give by far
the dominant effect after renormalization-group improve-
ment. The analytical expressions (20) and (22) provide
accurate approximations to the exact results. The first
equation gives lnU = 0.562, while the second one yields
lnU = 0.567. The close agreement of these two numbers
shows that the running of coupling constant between µ2
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FIG. 1: LO (light), NLO (medium), and NNLO (dark) pre-
dictions for the Higgs-production cross section at the LHC in
fixed-order perturbation theory (left) and after resummation of
the π

2-enhanced terms (right).

and −µ2 is a minor effect compared with the evolution
driven by the anomalous dimension of the effective two-
gluon operator in (2).

We are now in a position to discuss our improved results
for the hard function in the formula for the Higgs-boson
production cross section. Setting µ = mH = 120GeV, we
obtain

H(m2
H , m2

H) = {1.756 (LO), 1.907 (NLO), 1.906 (NNLO)} .
(23)

This should be compared with the poorly converging series
H = {1, 1.623, 1.844} obtained using fixed-order perturba-
tion theory. Figure 1 illustrates the impact of the resumma-
tion of the π2-enhanced terms on the cross-section predic-
tions for Higgs-boson production at the LHC. The bands in
each plot show results obtained at LO, NLO, and NNLO
using MRST2004 parton distributions [21]. Their width
reflects the scale variation obtained by varying the factor-
ization and renormalization scales between mH/2 and 2mH

(setting µr = µf ). The convergence of the expansion and
the residual scale dependence at NLO and NNLO are much
improved by the resummation. The new LO and NLO
bands almost coincide with the NLO and NNLO bands in
fixed-order perturbation theory, and the new NNLO band
is now fully contained inside the NLO band.

IV. DRELL-YAN PRODUCTION

The cross section for the Drell-Yan process receives the
same type of π2-enhanced corrections as the Higgs-boson
production cross section, however in this case no anoma-
lously large K-factors arise at NLO and NNLO. Let us
briefly discuss why this is the case.

The vector-current matching coefficient CV appearing in
the Drell-Yan case is defined in analogy with CS in (2), but
with the two-gluon operator replaced by the electromag-
netic current q̄γµq [9, 10, 11]. It obeys an evolution equa-
tion of the same structure as (6), in which the cusp anoma-
lous dimension in the adjoint representation is replaced by

MRST’04 PDFs

Harlander, Kilgore 2002; Anastasiou, Melnikov 2002 
Ravindran, Smith, van Neerven 2003

LO

NNLO

NLO

LHC (√s=14 TeV)



Effective theory analysis
✦ Separate contributions associated with different 

scales, turning a multi-scale problems into a series 
of single-scale problems

✦ Evaluate each contribution at its natural scale, 
leading to improved perturbative behavior

✦ Use renormalization group to evolve contributions 
to an arbitrary factorization scale, thereby 
exponentiating (resumming) large corrections

When this is done consistently, large K-factors
should never arise, since no large perturbative
corrections should be left unexponentiated!



Scale hierarchy

✦ Will analyze the Higgs cross section assuming 
the scale hierarchy (                   )

✦ Treating one scale at a time leads to a sequence 
of effective theories:

✦ Effects associated with each scale absorbed 
into matching coefficients

2mt � mH ∼
√

ŝ�
√

ŝ(1− z)� ΛQCD

z = M2
H

/ŝ

Figure 2: Sequence of matching steps and associated effective theories leading to the factor-
ization theorem (13).

momentum transfer q2 = m2
H , and with infrared divergences subtracted using the MS scheme

[16, 25, 27]:

H(m2
H , µ2) =

∣∣CS(−m2
H − iε, µ2)

∣∣2 . (14)

On a technical level, the function CS appears as a Wilson coefficient in the matching of the
two-gluon operator in (11) onto an operator in SCET, in which all hard modes have been
integrated out. This matching takes the form

Gµν,a Gµν
a → CS(Q2, µ2) Q2 gµν A

µ,a
n⊥ A

ν,a
n̄⊥ , (15)

where Q2 = −q2 is (minus) the square of the total momentum carried by the operator. The
fields A

µ,a
n⊥ and A

ν,a
n̄⊥ are effective, gauge-invariant gluon fields in SCET [42]. They describe

gluons propagating along the two light-like directions n, n̄ defined by the colliding hadrons.
The two-loop expression for the Wilson coefficient CS can be extracted from the results of
[43]. We write its perturbative series in the form

CS(−m2
H − iε, µ2) = 1 +

∞∑

n=1

cn(L)

(
αs(µ2)

4π

)n

, (16)

where L = ln[(−m2
H − iε)/µ2]. The one- and two-loop coefficients read

c1(L) = CA

(
−L2 +

π2

6

)
,

c2(L) = C2
A

[
L4

2
+

11

9
L3 +

(
−

67

9
+

π2

6

)
L2 +

(
80

27
−

11π2

9
− 2ζ3

)
L

+
5105

162
+

67π2

36
+

π4

72
−

143

9
ζ3

]
+ CFTF nf

(
4L −

67

3
+ 16ζ3

)

+ CATF nf

[
−

4

9
L3 +

20

9
L2 +

(
104

27
+

4π2

9

)
L −

1832

81
−

5π2

9
−

92

9
ζ3

]
.

(17)

The soft function S in (13) is defined in terms of the Fourier transform of a vacuum
expectation value of a Wilson loop in the adjoint representation of SU(Nc). In SCET is
arises after the decoupling of soft gluons from the hard-collinear and anti-hard-collinear fields
describing the partons originating from the colliding beam particles [27]. The soft function
in the case of Higgs-boson production is closely related to an analogous function entering

7

2



Scale hierarchy

✦ Evaluate each part at its characteristic scale 
and evolve to a common scale using RGEs:

m2
H

−m2
H

0

m2
t

µ2

ffgg(τ/z, µf )

S(ŝ(1− z), µ2
s)

H(m2
H

, µ
2
h
)

Ct(m2
t , µ

2
t )

µ2
f



Cross section predictions
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Figure 6: The fixed-order (left) and RG-improved (right) cross-section predictions including
perturbative uncertainty bands due to scale variations for the Tevatron (upper) and LHC
(lower plots). In contrast to Figure 5, different PDF sets are used according to the order of
the calculation.

after RG improvement are fully contained in the lower-order ones and the K-factor is close
to 1, in particular for the LHC.1 In fixed-order calculations it is customary to use PDFs ex-
tracted from a fit using predictions of the same order. Doing so absorbs universal higher-order
corrections into the PDFs. Since resummed calculations contain contributions of arbitrarily
high orders, the optimal PDF choice is less clear. If the same large higher-order corrections
affect both the observable one tries to predict and the cross sections used to extract the PDFs,
it would be quite problematic to perform a resummation in one case and not the other. For
our case, the relevant input quantity is the gluon PDF at low x, which is mostly determined
by measurements of scaling violations in the DIS structure function, ∂F2(x, Q2)/∂Q2. The
higher-order corrections associated with the analytic continuation of the time-like gluon form
factor, which we resum, do not affect the DIS cross section, and so are not universal and

1For MRST2004 PDFs [52], the K-factors after resummation are somewhat larger, K ≈ 1.3 for the LHC,
see [18].

18

8.4% increase over 
fixed order NNLO

13% increase over 
fixed order NNLO



EFT-based threshold expansion at O(αs
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for top-quark pair production
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State of the art

✦ Fixed-order NLO calculations:
✦ total cross section:

✦ differential:
✦ AFBt:

✦ Fixed-order NNLO calculations:
✦ none exist!
✦ “leading terms” (enhanced near threshold) 

for total cross section:
✦ “leading terms” for distributions, AFBt

Nason, Dawson, Ellis 1988
Beenakker et al. 1989

Nason, Dawson, Ellis 1989
Mangano, Nason, Ridolfi 1992 
Frixione, Mangano, Nason, Ridolfi 1995

Kühn, Rodrigo 1998

Beneke, Falgari, Schwinn 2009 
Czakon, Mitov, Sterman 2009

this work!



State of the art

✦ Threshold resummation at NLL:
✦ total cross section:

✦ distributions:
✦ AFBt:

✦ Resummation at NNLL+NLO matching:
✦ total cross section:
✦ distributions: 
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Beneke, Falgari, Schwinn 2009 
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Top-pair production: IR poles

✦ Anomalous-dimension matrices in s-channel 
singlet-octet basis for                   channels:

4.1 Anomalous-dimension matrices

The first step is to derive the explicit form of the anomalous-dimension matrix (5) in a given
color basis for the partonic amplitudes (see, e.g., [5, 39]). We adopt the s-channel singlet-
octet basis, in which the tt̄ pair is either in a color-singlet or color-octet state. For the
quark-antiquark annihilation process ql(p1) + q̄k(p2) → ti(p3) + t̄j(p4), we thus choose the
independent color structures as

|c1〉 = δij δkl , |c2〉 = (ta)ij (ta)kl . (51)

For the gluon fusion process ga(p1) + gb(p2) → ti(p3) + t̄j(p4), we use the basis

|c1〉 = δab δij , |c2〉 = ifabc (tc)ij , |c3〉 = dabc (tc)ij . (52)

Here a, b, i, j, k, l are color indices. We find that the anomalous-dimension matrix for the qq̄
channel can be written in the form

Γqq̄ =

[

CF γcusp(αs) ln
−s

µ2
+ CF γcusp(β34, αs) + 2γq(αs) + 2γQ(αs)

]

1

+
N

2

[

γcusp(αs) ln
(−s13)(−s24)

(−s) m2
t

− γcusp(β34, αs)

]

(

0 0

0 1

)

+ γcusp(αs) ln
(−s13)(−s24)

(−s14)(−s23)

[(

0 CF

2N

1 − 1
N

)

+
αs

4π
g(β34)

(

0 CF

2

−N 0

)]

+ O(α3
s) ,

(53)

where s ≡ s12 is the square of the partonic center-of-mass energy. The term proportional to
g(β34) stems from the three-parton contributions

−
[

f2

(

β34, ln
−s13

−s14

)

+ f2

(

β34, ln
−s24

−s23

)

]

(

0 CF

2

−N 0

)

. (54)

With the help of the second relation in (35) this can be recast into the product of g(β34) times
a conformal cross ratio [14] of four momentum invariants. Similarly, for the gg channel we
obtain

Γgg =

[

N γcusp(αs) ln
−s

µ2
+ CF γcusp(β34, αs) + 2γg(αs) + 2γQ(αs)

]

1

+
N

2

[

γcusp(αs) ln
(−s13)(−s24)

(−s) m2
t

− γcusp(β34, αs)

]







0 0 0

0 1 0

0 0 1






(55)

+ γcusp(αs) ln
(−s13)(−s24)

(−s14)(−s23)













0 1
2 0

1 −N
4

N2−4
4N

0 N
4 −N

4






+

αs

4π
g(β34)







0 N
2 0

−N 0 0

0 0 0












+ O(α3

s) .
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where s ≡ s12 is the square of the partonic center-of-mass energy. The term proportional to
g(β34) stems from the three-parton contributions

−
[

f2

(

β34, ln
−s13

−s14

)

+ f2

(

β34, ln
−s24

−s23

)

]

(

0 CF

2

−N 0

)

. (54)
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Top-pair production: IR poles

✦ Can use these results to predict all IR poles in 
virtual 2-loop amplitudes in analytic form, e.g. 
for gg channel (were not known before):

calculation, using some of the master integrals computed in [43]. After enforcing momentum
conservation, the color coefficients are functions of the invariants s = s12, t1 = s13 = s24, mt,
and µ. We have verified that our results for the IR poles agree with the numerical ones from
[42], with the analytic results for some of the color coefficients given in [44, 45], and with
the results in the small-mass limit from [23]. In our case, all pole coefficients are available
in analytic form. Since the Born-level qq̄ → tt̄ amplitude is proportional to the color-octet
structure in (51) and the three-parton correlations proportional to f2 enter the anomalous-
dimension matrix (53) only in the off-diagonal terms, the contributions from f2 in the squared
matrix element first appears at three-loop order. This was noted independently in [41].

For the gg → tt̄ channel, we follow [24] and decompose the interference term between the
Born and two-loop amplitudes into color structures as

2 Re 〈M(0)|M(2)〉gg = (N2 − 1)

(

N3Ag + N Bg +
1

N
Cg +

1

N3
Dg

+ N2nl E
g
l + N2nh Eg

h + nl F
g
l + nh F g

h +
nl

N2
Gg

l +
nh

N2
Gg

h

+ Nn2
l H

g
l + Nnlnh Hg

lh + Nn2
hH

g
h +

n2
l

N
Ig
l +

nlnh

N
Ig
lh +

n2
h

N
Ig
h

)

.

(65)

The IR poles in the color coefficients are obtained as for the qq̄ channel, except in this case we
use the anomalous-dimension matrix (55). Results in the literature are available only in the
small-mass limit [24], and we have checked the agreement of our exact results with this limiting
case. Since the exact results are new, we list in Table 1 the numerical values for the poles of
the color coefficients at the point t1 = −0.45s, s = 5m2

t , and µ = mt. Again in this case the
results do not depend on f2, the reason being that the corresponding contribution is multiplied
by a color structure which is anti-symmetric under the exchange of the two initial-state gluons,
while the gg → tt̄ amplitude is symmetric under this exchange.

5 Elastic quark-quark scattering in the forward limit

Another interesting application of our general formalism is the case of elastic quark-quark scat-
tering at high energy and fixed momentum transfer (s, m2 % |t|). The anomalous-dimension
matrix for this case was analyzed at two-loop order in [28] by studying the cross singularities of
self-intersecting Wilson loops. We will now show that the results derived in that paper can be
obtained by taking a certain limit of our general results, and that this provides a cross-check
on our calculation of the three-parton correlations governed by the function F1.

Consider the elastic process q1j(p1) + q2l(p2) → q1i(p3) + q2k(p4) for massive quarks (m1 =
m2 ≡ m) in the forward limit

s, m2 % −t % Λ2
QCD . (66)

Here i, j, k, l are color indices, and 1,2 label the quark flavors. The relevant cusp angles can

20

✦ Basis for NNLL threshold 
resummation for tt production 
(dσtt/dMtt as well as σtt) at 
LHC/Tevatron

ε−4 ε−3 ε−2 ε−1

Ag 10.749 18.694 −156.82 262.15

Bg −21.286 −55.990 −235.04 1459.8

Cg −6.1991 −68.703 −268.11

Dg 94.087 −130.96

Eg
l −12.541 18.207 27.957

Eg
h 0.012908 11.793

F g
l 24.834 −26.609 −50.754

F g
h 0.0 −23.329

Gg
l 3.0995 67.043

Gg
h 0.0

Hg
l 2.3888 −5.4520

Hg
lh −0.0043025

Hg
h

Ig
l −4.7302 10.810

Ig
lh 0.0

Ig
h

Table 1: Numerical results for the IR poles in the color coefficients (65) for top-
quark pair production in the gg → tt̄ channel, evaluated at the point t1 = −0.45s,
s = 5m2

t , and µ = mt. The blank entries are not present in general, while the entries
with value 0.0 vanish only for the particular choice µ = mt.

be expressed in terms of the invariants s = (p1 + p2)2 and t = (p1 − p3)2 as

β12 = β34 = arccosh
(

−
s − 2m2

2m2

)

≡ iπ − γ ,

β13 = β24 = arccosh
(2m2 − t

2m2

)

= O
(

√
−t

m

)

,

β14 = β23 = arccosh
(s + t − 2m2

2m2

)

= γ + O
( t

m2

)

,

(67)

where cosh γ = v1 · v2 = p1 · p2/m2. In the limit t/m2 → 0 these angles are described in terms
of a single variable γ > 0. Starting from the general expression (5), we then obtain for the
cross anomalous-dimension matrix

Γcross(γ, αs) ≡ Γqq(s, t, m
2, µ)

∣

∣

−t"s,m2

= −2
[

T1 · T2 γcusp(iπ − γ, αs) + T1 · T3 γcusp(0, αs) + T1 · T4 γcusp(γ, αs)
]

+ 4γQ(αs) + 24ifabc T a
1 T b

2 T c
3 F1(iπ − γ, γ, 0) + O(α3

s) ,

(68)
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Leading threshold terms at NNLO

✦ Knowledge of IR singularities allows one to 
deduce the leading terms near the partonic 
threshold for the pp→tt invariant mass 
distribution at O(αs4):

✦ Widths of bands from M/2 < µ < 2M

Ahrens, Ferroglia, MN, Pecjak, Yang: 0912.3375 
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Figure 4: Plot of the ratio K = (dσ/dM)/(dσLO(µf = M)/dM) at the Tevatron and LHC,
with the factorization scale varied in the range M/2 < µf < 2M . The light bands between the
dotted lines are LO, the medium bands between the dashed lines NLO, and the dark bands
between the solid lines NNLO.

distribution as a function of µf , for two different values of M . An examination of the NLO
results shows the approximate expansion in terms of ln m2

t/µ
2
f seems to work better than

that in terms of ln M2/µ2
f . We can of course not say whether the same is true at NNLO,

but we do note that the numerical difference between the two cases is smaller than at NLO.
Since they differ only through the scale-independent piece of the delta-function term, which
is not determined by our calculations, provides evidence for the relative enhancement of the
[lnn(1− z)/(1− z)]+ terms. Mention here that the integral of [ln3(1− z)/(1− z)]+ with
the luminosities is typically about ten times larger than the delta function integral,
before multiplying with the coefficients D3 and C0? We also notice that the different
approximations at NLO show better agreement for higher values µf ∼ M , especially at the
LHC energies, where the NLO approximations at lower values of µf ∼ mt/2 differ greatly from
both the exact NLO threshold expansion and from each other. In Figure 3 we show results
for the same approximations at NLO and NNLO, but this time as a function of M . Given the
better agreement at higher µf observed in the previous two figures, we have made the choice
µf = M . We observe that at NLO the approximate threshold expansion in terms of ln m2

t /µ
2
f

nearly reproduces the exact threshold expansion at the Tevatron, and recovers about 70% of

10

(    )

LO

NNLO
(partial)

NLO



Leading threshold terms at NNLO

✦ Knowledge of IR singularities allows one to 
deduce the leading terms near the partonic 
threshold for the pp→tt invariant mass 
distribution at O(αs4):

✦ Widths of bands M/2 < µ < 2M
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Figure 4: Plot of the ratio K = (dσ/dM)/(dσLO(µf = M)/dM) at the Tevatron and LHC,
with the factorization scale varied in the range M/2 < µf < 2M . The light bands between the
dotted lines are LO, the medium bands between the dashed lines NLO, and the dark bands
between the solid lines NNLO.

distribution as a function of µf , for two different values of M . An examination of the NLO
results shows the approximate expansion in terms of ln m2

t/µ
2
f seems to work better than

that in terms of ln M2/µ2
f . We can of course not say whether the same is true at NNLO,

but we do note that the numerical difference between the two cases is smaller than at NLO.
Since they differ only through the scale-independent piece of the delta-function term, which
is not determined by our calculations, provides evidence for the relative enhancement of the
[lnn(1− z)/(1− z)]+ terms. Mention here that the integral of [ln3(1− z)/(1− z)]+ with
the luminosities is typically about ten times larger than the delta function integral,
before multiplying with the coefficients D3 and C0? We also notice that the different
approximations at NLO show better agreement for higher values µf ∼ M , especially at the
LHC energies, where the NLO approximations at lower values of µf ∼ mt/2 differ greatly from
both the exact NLO threshold expansion and from each other. In Figure 3 we show results
for the same approximations at NLO and NNLO, but this time as a function of M . Given the
better agreement at higher µf observed in the previous two figures, we have made the choice
µf = M . We observe that at NLO the approximate threshold expansion in terms of ln m2

t /µ
2
f

nearly reproduces the exact threshold expansion at the Tevatron, and recovers about 70% of
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Figure 7: Plots of K = (dσ/dM)/(dσLO, def) in resummed (left) and fixed-order (right) per-
turbation theory, at the Tevatron and LHC. The light bands in the resummed (fixed-order)
results are NLL (LO), the medium bands NNLL (NLOthresh), and the dark bands are approx-
imate threshold expansion (104) at NNLO in fixed-order perturbation theory. The width of
the bands reflects the uncertainties associated with variations of the scales as described in the
text.

H(1) to the differential cross section at NNLL, and dividing it by the NLL result, for the choice
µf = M and µs determined according to (105). We see that at lower values of µh closer to mt

the correction typically gets smaller and can even become negative. In this lower range of µh,
however, the correction depends very strongly on the scale. On the other hand, the results are
rather stable in the range M/2 < µh < 2M , where the correction is generally below 30% at
the Tevatron and between 20 − 40% at the LHC. In what follows we shall choose µh = M by
default, in order to avoid the strong scale dependence at lower µh. Say something about
complex scale setting?

Finally, we must choose a default value for the factorization scale µf , in both the resummed
and fixed-order results. To do so, we study the behavior of the cross sections as a function
of this scale. For the fixed-order results, the invariant mass spectrum as a function of µf at
M = 400 GeV and M = 1 TeV is shown in Figure 5. (As mentioned above, when studying the
invariant mass spectrum we do not match the results onto fixed-order perturbation theory at
NLO, using instead the threshold expansion NLOthresh.) At M = 400 GeV the approximate
NNLO formulas differ from each other less at µf ∼ 400 GeV than at µf ∼ mt. The same
is true at M = 1 TeV, but in this case the results become very unstable at µf ∼ mt. It
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turbation theory, at the Tevatron and LHC. The light bands in the resummed (fixed-order)
results are NLL (LO), the medium bands NNLL (NLOthresh), and the dark bands are approx-
imate threshold expansion (104) at NNLO in fixed-order perturbation theory. The width of
the bands reflects the uncertainties associated with variations of the scales as described in the
text.

H(1) to the differential cross section at NNLL, and dividing it by the NLL result, for the choice
µf = M and µs determined according to (105). We see that at lower values of µh closer to mt

the correction typically gets smaller and can even become negative. In this lower range of µh,
however, the correction depends very strongly on the scale. On the other hand, the results are
rather stable in the range M/2 < µh < 2M , where the correction is generally below 30% at
the Tevatron and between 20 − 40% at the LHC. In what follows we shall choose µh = M by
default, in order to avoid the strong scale dependence at lower µh. Say something about
complex scale setting?

Finally, we must choose a default value for the factorization scale µf , in both the resummed
and fixed-order results. To do so, we study the behavior of the cross sections as a function
of this scale. For the fixed-order results, the invariant mass spectrum as a function of µf at
M = 400 GeV and M = 1 TeV is shown in Figure 5. (As mentioned above, when studying the
invariant mass spectrum we do not match the results onto fixed-order perturbation theory at
NLO, using instead the threshold expansion NLOthresh.) At M = 400 GeV the approximate
NNLO formulas differ from each other less at µf ∼ 400 GeV than at µf ∼ mt. The same
is true at M = 1 TeV, but in this case the results become very unstable at µf ∼ mt. It
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NNLL+NLO

× u†(M, mt, cos θ, µf , µs) s̃(∂η, M, mt, cos θ, µs) u(M, mt, cos θ, µf , µs)
1

ω

(
ω

µs

)2η e−2γEη

Γ(2η)
,

(91)

where η = 2aΓ(µs, µf).
Combining the results for the hard and soft functions, the final resummed result for the

hard-scattering kernel is

C(z, M, mt, cos θ, µf) = exp
[
4aγφ(µs, µf)

]

× Tr

[
U(M, mt, cos θ, µh, µs) H(M, mt, cos θ, µh) U †(M, mt, cos θ, µh, µs)

× s̃

(
ln

M2

µ2
s

+ ∂η, M, mt, cos θ, µs

) ]
e−2γEη

Γ(2η)

z−η

(1 − z)1−2η
. (92)

For values µs < µf the parameter η < 0, and one must use a subtraction at z = 1 and analytic
continuation to express integrals over z in terms of star (or plus) distributions.

The formula (92) can be evaluated order-by-order in RG-improved perturbation theory,
using the standard counting ln µh/µs ∼ ln(1 − z) ∼ 1/αs. The perturbative solutions for
the RG-factors needed to evaluate the evolution matrix U to NLO in this counting are given
in (125), (126), and (129) of the Appendix. The correspondence between this counting and
the standard log counting (e.g. NLL, NNLL), along with the accuracy of the anomalous
dimensions and matching functions needed at a given order, can be summarized as follows:

RG-impr. PT log accuracy Γcusp γh, γφ H , s̃

LO NLL 2-loop 1-loop tree-level

NLO NNLL 3-loop 2-loop 1-loop

In the rest of the paper we will use the log counting (e.g. NNLL) when referring to the
resummed results obtained in this section. These results are valid for the leading-order term
in the threshold expansion in 1−z, whereas the full result at NLO in fixed-order perturbation
theory also contains information on subleading terms. In phenomenological applications we
can match the resummed results with the NLO fixed-order results to achieve an NNLL+NLO
precision; the method for doing this is described in Section 6.

5.1 Approximate NNLO results

In the previous subsection we derived a formula for the resummed differential cross section,
which is valid up to NNLL order. Starting from (92), it is also possible to obtain expressions
for the differential cross section which are valid in fixed-order perturbation theory [47]. Indeed,
our results allow one to obtain analytic expression for all of the coefficients multiplying singular
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Figure 10: Top quarks (antitop quarks) are preferably emitted in the direction of the incoming
quark (antiquark). Anti top quarks are preferably emitted at small rapidity, while top quarks
are more abundantly emitted in the forward or backward directions.

By evaluating both the numerator and the denominator of Eq. (110) up to O(α3
s) in fixed-

order perturbation theory, and considering only the leading terms in (1 − z), one finds

At
FB

∣∣∣
FO

LO

= 3.3+0.8
−0.6 % , (113)

where the superscript and subscript in the r. h. s. of Eq. (113) reflect the uncertainty obtained
by varying the scale in the range M/2 < µ < 2M at each point in the integrands in Eq. (110).
If the scale is allowed to vary in the range mt/2 < µ < 2mt, one obtains a slightly larger
result:

At
FB

∣∣∣
FO

LO

= 4.8+2.0
−1.1 % . (114)

By employing the approximate NNLO formulas for the invariant mass distribution it is now
possible to evaluate both the numerator and the denominator of the asymmetry up to O(α4

s)
(while as usual neglecting subleading terms in (1 − z)); in this case the asymmetry becomes

At
FB

∣∣∣
FO

NLO

= 5.1+0.7
−0.6 % (M/2 ≤ µ ≤ 2M) ,

At
FB

∣∣∣
FO

NLO

= 6.2+0.5
−0.7 % (mt/2 ≤ µ ≤ 2mt) . (115)

The use of the resummed differential distributions dσ/dM in the calculation of Eq. (110)
leads to

At
FB

∣∣∣
RES

NLL

= 5.7+3.2
−3.1 % ,

At
FB

∣∣∣
RES

NNLL

= 5.8+0.8
−0.8 % . (116)

With this notation we indicate that both the numerator and the denominator of the asymmetry
in the first (second) line in Eq. (116) were evaluated by employing the NLL (NNLL) resummed
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Forward-backward asymmetry

✦ At Tevatron, top-quark are emitted preferably 
in direction of incoming quark

✦ Define inclusive asymmetry:

✦ Surprising result by CDF:

a charge-symmetric averaged cross section as follows

d2∆σ

dMd cos θ
≡ 1

2

[
d2σN1N2→tt̄X

dMd cos θ
− d2σN1N2→t̄tX

dMd cos θ

]
,

d2σ̄

dMd cos θ
≡ 1

2

[
d2σN1N2→tt̄X

dMd cos θ
+

d2σN1N2→t̄tX

dMd cos θ

]
. (106)

The notation in Eqs. (106) makes clear that in the process labeled by the superscript N1N2 →
tt̄X (N1N2 → t̄tX) the angle θ indicates the scattering angle of the top quark (antitop quark)
in the partonic center of mass frame. The double differential asymmetry is then defined as
the ratio of the quantities introduced in Eqs. (106):

Ac(M, cos θ) ≡ d∆σ

dσ̄
. (107)

We are mainly interested in the total asymmetry which can be obtained by integrating the
differential cross sections appearing in Eqs. (106) with respect to M and θ:

Atot
c =

∫ 1

0 d cos θ
∫ s

4m2
t
dM d2∆σ

dMd cos θ∫ 1

0 d cos θ
∫ s

4m2
t
dM d2σ̄

dMd cos θ

. (108)

Since as a consequence of the charge conjugation symmetry in QCD

d2σN1N2→t̄tX

dMd cos θ

∣∣∣∣
cos θ=f

=
d2σN1N2→tt̄X

dMd cos θ

∣∣∣∣
cos θ=−f

, (109)

(where f indicates a generic numerical value), the charge asymmetry can be interpreted as a
forward-backward asymmetry for top quarks. In particular,

Atot
c = At

FB ≡

∫ s
4m2

t
dM

(∫ 1
0 d cos θ d2σN1N2→tt̄X

dMd cos θ −
∫ 0
−1 d cos θ d2σN1N2→tt̄X

dMd cos θ

)

∫ s

4m2
t
dM

(∫ 1

0 d cos θ d2σN1N2→tt̄X

dMd cos θ +
∫ 0

−1 d cos θ d2σN1N2→tt̄X

dMd cos θ

) . (110)

At leading order in QCD (O(α2
s)), the charge-asymmetric cross section introduced in the

first of Eqs. (106) is zero; this quantity receives non-vanishing contributions starting from
O(α3

s). In particular, non vanishing contributions to the charge-asymmetric cross section arise
if, in the interference of one-loop and tree-level diagrams, the top-quark fermionic line and the
light-quark fermionic line are connected by three gluons. The same observation applies also
to the interference of two tree-level diagrams with three particles in the final state. In Fig. 9
we show the interference of the planar box with the tree-level diagram and the corresponding
interference of real emission diagrams. The other contribution to the asymmetry at O(α3

s) in
the quark-annihilation channel originates from the interference of the crossed box and tree-level
diagram (or from the corresponding real emission case). This can be visualized by imagining
to cross the two gluons on the left side of the heavy quark triangle in Fig. 9. The color factors
multiplying the structure in Fig. 9 or its crossed counterpart are respectively

Cplanar =
1

16N2

(
f 2

abc + d2
abc

)
, Ccrossed =

1

16N2

(
d2

abc − f 2
abc

)
, (111)
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Figure 9: Examples of interferences contributing to the charge-asymmetric cross section. The
two-particle cut corresponds to the interference of a one-loop box with the tree-level diagram,
while the three-particle cut corresponds to the interference of tree-level diagrams with a tt̄g
final state.

where f 2
abc = (N2 − 1)N and d2

abc = (N2 − 1)(N2 − 4)/N . When the color factors are stripped
off, the interference in Fig. 9 and its crossed counterpart satisfy the relation

dσN1N2→tt̄X
planar = −dσN1N2→t̄tX

crossed . (112)

The relation in Eq. (112) holds both for the three-particle cuts and for the two-particle cuts.
Therefore, the charge asymmetric cross section is proportional to d2

abc. The interference of
the one-loop box diagrams with the tree level diagram gives a positive contribution to the
asymmetry, which is partially canceled by the asymmetry originating from the interference of
initial- and final-state radiation diagrams. An additional small contribution to the asymmetry
at O(α3

s) originates from the flavor excitation channel gq(q̄) → tt̄X at tree level. The gluon-
fusion channel does not contribute to the charge-asymmetric cross section.

The study of the charge-asymmetric cross section at O(α3
s) shows that top quarks (antitop

quarks) are preferably emitted of the direction of the incoming quark (antiquark); conse-
quently, in pp̄ collisions top quarks are preferably emitted in the direction of the incoming
proton [19, 20]. At the LHC, the QCD-induced charge asymmetry is zero since in this case
there are two identical protons in the initial state. However, it is possible to show that top
antiquarks are predominantly produced at smaller rapidities than top quarks; this fact can be
exploited in order to define measurable asymmetries also at the LHC [76]. The situation is
schematically shown in Fig. (10).

The top-quark pair-production forward-backward asymmetry can be measured both in the
laboratory frame and in the tt̄ rest frames. Near the partonic threshold the tt̄ rest frame and the
incoming partons rest frame coincide; it is therefore interesting to employ the formulas derived
in the previous sections to calculate the forward-backward asymmetry in the parton rest
frame. The resummation of partonic threshold effects at NLL order in the forward-backward
asymmetry was first considered in [44]. By employing the expressions for the invariant mass
distribution derived above, it is possible to improve the available calculations of the charge
asymmetry in the threshold limit, both in fixed order perturbation theory and when employing
resummation techniques.

[Please check the numbers, are they still up to date?]
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Figure 10: Top quarks (antitop quarks) are preferably emitted in the direction of the incoming
quark (antiquark). Anti top quarks are preferably emitted at small rapidity, while top quarks
are more abundantly emitted in the forward or backward directions.

By evaluating both the numerator and the denominator of Eq. (110) up to O(α3
s) in fixed-

order perturbation theory, and considering only the leading terms in (1 − z), one finds

At
FB

∣∣∣
FO

LO

= 3.3+0.8
−0.6 % , (113)

where the superscript and subscript in the r. h. s. of Eq. (113) reflect the uncertainty obtained
by varying the scale in the range M/2 < µ < 2M at each point in the integrands in Eq. (110).
If the scale is allowed to vary in the range mt/2 < µ < 2mt, one obtains a slightly larger
result:

At
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FO

LO

= 4.8+2.0
−1.1 % . (114)

By employing the approximate NNLO formulas for the invariant mass distribution it is now
possible to evaluate both the numerator and the denominator of the asymmetry up to O(α4

s)
(while as usual neglecting subleading terms in (1 − z)); in this case the asymmetry becomes

At
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∣∣∣
FO

NLO

= 5.1+0.7
−0.6 % (M/2 ≤ µ ≤ 2M) ,

At
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FO

NLO

= 6.2+0.5
−0.7 % (mt/2 ≤ µ ≤ 2mt) . (115)

The use of the resummed differential distributions dσ/dM in the calculation of Eq. (110)
leads to

At
FB

∣∣∣
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NLL

= 5.7+3.2
−3.1 % ,

At
FB

∣∣∣
RES

NNLL

= 5.8+0.8
−0.8 % . (116)

With this notation we indicate that both the numerator and the denominator of the asymmetry
in the first (second) line in Eq. (116) were evaluated by employing the NLL (NNLL) resummed
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Figure 10: Top quarks (antitop quarks) are preferably emitted in the direction of the incoming
quark (antiquark). Anti top quarks are preferably emitted at small rapidity, while top quarks
are more abundantly emitted in the forward or backward directions.

By evaluating both the numerator and the denominator of Eq. (110) up to O(α3
s) in fixed-

order perturbation theory, and considering only the leading terms in (1 − z), one finds
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where the superscript and subscript in the r. h. s. of Eq. (113) reflect the uncertainty obtained
by varying the scale in the range M/2 < µ < 2M at each point in the integrands in Eq. (110).
If the scale is allowed to vary in the range mt/2 < µ < 2mt, one obtains a slightly larger
result:
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By employing the approximate NNLO formulas for the invariant mass distribution it is now
possible to evaluate both the numerator and the denominator of the asymmetry up to O(α4

s)
(while as usual neglecting subleading terms in (1 − z)); in this case the asymmetry becomes
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The use of the resummed differential distributions dσ/dM in the calculation of Eq. (110)
leads to
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With this notation we indicate that both the numerator and the denominator of the asymmetry
in the first (second) line in Eq. (116) were evaluated by employing the NLL (NNLL) resummed
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Total cross section

✦ Computed at NLO already in 1988
✦ Usually, resummation is done around partonic 

threshold at s=4mt2

✦ Combined Coulomb and                                   
soft gluon resummation                                     
for βtt→0

✦ In our approach, soft                                    
gluon effects are resummed also far above 
threshold (more important at higher M)

✦ Different systematics!
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Tevatron LHC (7 TeV) LHC (10 TeV) LHC (14 TeV)

σLO 5.25+2.07
−1.36

+0.30
−0.22 102+36

−24
+5
−5 256+81

−57
+11
−11 563+160

−112
+20
−19

σNLL 5.05+0.38
−0.35

+0.26
−0.20 98+15

−14
+5
−5 241+41

−31
+10
−10 521+95

−73
+19
−16

σNLOthresh
6.20+0.39

−0.71
+0.31
−0.23 144+5
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−29
+14
−17 791+15
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−7
+8
−8 368+20
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−35
+17
−20 911+111

−77
+35
−32

σNNLO, approx (scheme B) 6.55+0.32
−0.41

+0.33
−0.24 149+10

−9
+8
−8 377+28

−23
+16
−18 832+65

−50
+31
−29

σNNLO, β−exp. 7.24+0.13
−0.31

+0.36
−0.27 158+1

−1
+8
−9 396+5

−2
+17
−18 871+16

−3
+31
−33

σNNLO, β−exp.+potential 7.13+0.17
−0.38

+0.36
−0.26 162+3

−3
+8
−9 407+11

−6
+17
−18 895+30

−12
+31
−33

Table 2: Results for the total cross section in pb. The first set of errors refers to perturbative
uncertainties associated with scale variations, the second to PDF uncertainties.

longer correlate the factorization scale µf with M , as we did when studying the spectrum.
Instead, we make the natural choice µf ∼ mt in the formulas for the differential spectrum.
On the other hand, we are still free to choose the hard and soft scales as we have so far,
and match with fixed-order as in (102), (103). We show in Table 2 the central values and
scale uncertainties for the total cross section obtained using this procedure. The results in
resummed perturbation theory use µh = M , µf = mt, and µs chosen according to (105) by
default, and the uncertainties are obtained by varying these up and down by a factor of two
and adding the different uncertainties in quadrature. The fixed-order results use µf = mt by
default, and the uncertainties are obtained by varying this scale up and down by a factor of
two.

We can make a few general comments on the results in Table 2. At NLO the cross section
σNLOthresh

evaluated using only the singular terms from the threshold expansion reproduces
about 95% of the total cross section at µf = mt at the Tevatron and the LHC. The subleading
terms in 1 − z contained in the parentheses of (102) contribute the remaining 5%. In terms
of the total NLO correction, the singular terms capture 75% of it at the Tevatron and 85% of
it at the LHC. We cannot say whether the approximate NNLO corrections also recover such
a large portion of the full NNLO correction, although it does not seem unreasonable. The
effect of adding resummation onto the NLO fixed-order result, to produce the NNLL+NLO
accuracy, is rather mild on the central values. This is due to the rather sharp increase of
the fixed-order results at low values of µf ∼ mt, seen in Figure 5, in comparison to the
more moderate increase in the resummed results seen in Figure 6. (is this noticeable if the
resummed and fixed-order results aren’t displayed on the same scale? I’m worried
that usually people find that resummation increases the cross section, whereas we
find the opposite, so it’s important to explain why). The more important effect is that
the resummation stabilizes the scale dependence. At the Tevatron, the NNLL+NLO result has
by far the smallest uncertainties, while at the LHC these uncertainties are comparable with
the two approximate NNLO formulas. Concerning these approximate schemes, the results
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Total cross section

✦ Main effect of resummation is to stabilize scale 
dependence

✦ βtt expansion misses important contributions 

scale uncertainty PDF uncertainty

Cross section (pb)



Conclusions
✦ Effective field theory provides efficient tools for 

addressing important, difficult collider-physics problems 
✦ Systematic “derivation” of factorization theorems (known 

ones and ones to be discovered) and simple, transparent 
resummation techniques based on anomalous dimensions

✦ Nontrivial applications exist for Drell-Yan, Higgs 
production, and top-quark pair production

✦ Long-term goal is an automatized               
implementation of resummation at                           
NNLL/NLO order for jet processes                                 
such as pp→n jets+V/H at LHC                                         
(with n≤3, V=γ,Z,W) jet rates

Γn, Hn, Ji, Sn


